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Abstract. A map from the higher arithmetic A"-group defined by the author to the 
higher arithmetic Chow group constructed by Burgos and Feliu is given. It is a higher 
extension of the arithmetic Chern character established by Gillet and Soule, and it can 
also be regarded as an analogue of Beilinson's regulator in Arakelov geometry. It is 
shown that this map is compatible with the pull-back map and the product structure. 
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1. Introduction 



In a celebrated paper [GS2| . Gillet and Soule established a theory of arithmetic Chern 
character associated with a hermitian vector bundle in Arakelov geometry. This theory 
is very useful in generating elements of arithmetic Chow groups, and a lot of interesting 
equalities of numbers have been deduced by calculating the arithmetic intersection of these 
elements. 

The arithmetic Chern characters of hermitian vector bundles on an arithmetic variety 
X provide a map from the arithmetic Ao-group to the arithmetic Chow group 

(1.1) ch? : K (X) -> CH P (X). 
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Recently, the both sides of this map were extended to higher degree. For instance, in [Ta] 
the author gave a definition of higher arithmetic -fT-groups K r (X). On the other hand, in 
|Go| and [BF] two distinct definitions of higher arithmetic Chow groups CH (X, r) were 
proposed when X is defined over an arithmetic field. The both definitions are based on 
descriptions of the regulator map 

CHP(X,r)^Hl p - r (X,R(p)) 

by means of integral on algebraic cycles, and in [BFT] it was shown that these two defi- 
nitions are essentially the same. 

The aim of this paper is to construct a map from K r (X) to CH P (X, r) called the higher 
arithmetic Chern character. It can be seen as an extension of the map (jl.ip to higher 
degree, and also as an analogue in Arakelov geometry of the higher Chern character 
chP : K r (X) -> CHP(X,r). 

In order to define the higher Chern character map we usually make use of homotopy the- 
ory. However, it seems difficult to redefine the higher arithmetic Chow groups CH (X,r) 
in the context of homotopy theory. Hence we adopt an alternative approach. 

In |Le| Levine introduced a scheme called iterated double in order to prove several 
properties of the higher Chow group, such as localization sequence and contravariant 
functoriality, without relying on the moving lemma. In doing this, he showed that the 
higher iT-group of a scheme can be embedded into the K^-group of the associated iterated 
double. Let us explain this in detail. 

Let X be a regular scheme, and □ = P 1 — {1} the afline line with a subscheme d\3 = 
{0,oo}. Let CT be the cartesian product of r copies of □. Then the subscheme <9D on 
each component gives a normal crossing divisor cO r C □ r . As for the precise definition 
of <9CT , see §3.6. It is well-known that the r-th X-group K r {X) is isomorphic to the 
multi-relative KQ-growp of the scheme X x D r with the normal crossing divisor X x OCT. 
Denote by T = D{X x X x cG r ) the associated iterated double. Then we obtain closed 
subschemes T\ , . . . , T r C T with a closed embedding 

t0 : {X x U r ;X x dU r ) ^ (T; T u . . . , T r ). 

Levine showed in [Le] that the pull-back map of multi-relative if-groups 

ij : K*(T; T u . . . , T r ) -> K*(X x U r ;X x dU r ) 

is bijective. Hence we have the following sequence of maps: 

*s 

(1.2) K r (X) ~ K (X xn r ;Xx dO r ) K (T; T u . . . , T r ) C K (T). 

This means that any element of K r (X) can be represented by a virtual vector bundle on 
the iterated double T. 

In this paper we pursue an analogue of (jl.2p in Arakelov geometry. To accomplish this 
purpose, we define arithmetic analogues of -ff -groups appearing in (jl.2p . Then we obtain 
the following sequence: 

T* 

(1.3) Kr(X) Q ~ K (X x n r ; X x da r ) Q «- K (T; T x , . . . , T r ) Q C K (T) Q , 
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where Aq stands for A <g> Q. Note that in the arithmetic case this sequence holds only in 
rational coefficients, and the middle arrow i| is shown to be surjective. We do not know 

whether ijjj is bijective or not, nevertheless we know how any element of Kerijj is described. 
We next establish a theory of arithmetic Chern character of a hermitian vector bundle on 
the iterated double T. This provides a map 

(1.4) ch Tj0 :K (T) -^CH P (X,r). 
Combining (jl.3p with (jl.4p . we can obtain the desired map 

(1.5) civ : K r (X) Q -> CH P {X, r). 

If we ignore the metric structure in the definition of (jl.5p . we can define 

cK : K r (X) Q -> H%>- r -\X,R(p)) 
which make the following diagram commutative: 

K r (X) Q ► K r (X) Q 

ch^ chr 

CH P (X,r) > CHP(X,r). 

However, in this paper we could not prove that the map ch^ agrees with the higher Chern 
character. Nevertheless we can show that the composite with the regulator map 

K r (X) Q C H CH*{X,r) -> H 2 P- r (X,R(p)) 

agrees with Beilinson's regulator. This is an evidence that the map chf is nothing but the 
higher Chern character. 

We describe the content of each section. 

In §2, we first recall a chain complex of exact cubes which computes the rational K- 
theory [Mcj . Then we introduce a subcomplex on which the symmetric group acts al- 
ternatingly, and show that these two chain complexes are quasi-isomorphic. We next 
introduce C-complex [Ha] , and we employ it to define a chain complex called multi-relative 
complex of exact cubes, which computes the multi-relative rational iT-theory. We examine 
functorial properties of the multi-relative complex of exact cubes. 

In §3, we introduce several complexes of differential forms and of currents which compute 
the Deligne cohomology. We then introduce Wang's forms and the higher Bott-Chern 
forms [BWj. We also give a map from the multi-relative complex of exact cubes introduced 
in §3 to a complex of differential forms, which can be seen as a generalization of the higher 
Bott-Chern forms to the relative case. 

In §4, we introduce iterated double, and establish a theory of Chern forms of hermitian 
vector bundles on it. In §5, we define relative arithmetic i^-theory, and arithmetic Kq- 
group of an iterated double. We then deduce the sequence (|1.3p . 

In §6, after recalling the definition of the higher arithmetic Chow groups CH (X, r) 
given by Burgos nad Feliu [BF], we give a definition of arithmetic Chern character of 
hermitian vector bundles on an iterated double. Then we show that it induces the map 
(ll.4p . In §7, we deduce the desired map (jl.5D . and in §8 we show the compatibility of this 
map with the pull-back map. 
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The last three sections are devoted to showing the compatibility of (|1 .5H with product 
with the arithmetic .Ko-group and the arithmetic Chow group. In §9, we put a tensor 
product structure on the multi-relative complexes of exact cubes. In §10, we show that all 
the arithmetic -ftT-groups defined in §5 admit products with Kq(X), and the sequence fjl .3|) 
respects the -K"o(^0-module structures. Finally in §11, we show that the arithmetic Chern 
character of a hermitian vector bundle on an iterated double has a multiplicative property 
with the tensor product. Collecting these results, we can show that (|1.5p is compatible 
with the product structures. 

Acknowledgment: During the preparation of this paper, the author visited Centre de 
Recerca Matematica (CRM) in Bellaterra from March to April of 2010, and Universitat 
de Barcelona several times. The author would like to thank all the staff there for their 
hospitality and support. In particular, he would like to thank sincerely Jose Ignacio Burgos 
Gil for his hospitality and fruitful discussions. 

Notations and conventions. Throughout this paper, we fix an universe and assume 
that all the sets we will consider are contained in this fixed universe. Hence the category 
of vector bundles on a scheme is a small exact category. 

Any small exact category is assumed to have a distinguished zero object denoted by 0, 
and any exact functor between exact categories is assumed to preserve the distinguished 
zero object. In particular, we fix a distinguished zero object of the category of abelian 
groups. 

For a scheme X, we denote by ^P(X) the category of locally free Ox-modules of finite 
rank on X. We identify locally free Ox-modules of finite rank with vector bundles of finite 
rank on X in the usual way. Then *$(X) is a small exact category, and a distinguished 
zero object of ^P(X) is given as follows: For any open set U C X, 0(U) is the distinguished 
zero object of the category of abelian groups. 

For any morphism / : X — > Y of schemes, there is a pull-back functor /* : ^(Y) — >■ 
ty(X), which is an exact functor preserving the distinguished zero object. When / is the 
identity Idx : X — > X, we identify Idx with the identity functor of ^p(X). 

We fix some conventions on complexes. With a complex of abelian groups (A*,oIa), 
we can associate a chain complex (A*, 8a) in the way that A* = A~* and 8a = dj\.. In 
this paper we always identify a complex and the associated chain complex in this way. 
For a chain complex of abelian groups A* = (An, 8a), let A[r]# be a chain complex such 
that A[r] n = A n - T with 8am = (— ^) t 8a '■ A n _ r — > A n ^ r -\. Similarly, for a complex 
A* = (A*,d A ), let A[r)* be a complex such that A[r] n = A n+r with d A [ r ] = (-l) r d A - We 
define the simple complex s(f) of a map / : A* — > B* of chain complexes to be 



«(/) 



n 



An B n+ 1 



with the boundary map 



d : s(f) n -> s(/) n -i 



d(a, b) = (da, f(a) — db). 



Then we have a long exact sequence on homology 



-> H n+1 (B*) -> H n (s(f)*) -> H n (A,) -> H n (B*) -> 
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Throughout this paper, we denote by [a] G H n (A*) the homology class represented by 
a G Ker<9. Moreover, we denote by a G A n /Imd the element represented by a G A n . 

Finally, we define the truncated relative cohomology groups of a map of complexes A* — > 
B* to be 

H n (A*,B*) = {(a,b) G A n @B n - 1 /lmd; da = 0,/(o) = db} 

[Bu2, Def.4.2]. We are going to use these groups to define Green objects associated with 
an algebraic cycle in §6. 



2. MULTI- RELATIVE COMPLEXES OF EXACT CUBES 



2.1. Complexes of exact cubes. Let 21 be a small exact category. We see the ordered 
set {—1,0,1} as a category. For n > 0, an n-cube of 21 is a covariant functor from the 
product {—1,0, l} xn to 21. Note that a 0-cube of 21 is an object of 21. For an n-cube T 
of 21, denote by F aii ,,,, an the image of the object (a±, . . . ,a n ) G {—1,0, 1} XU by T . For 
1 < j < n and — 1 < i < 1, a face of T is an (n — l)-cube djJ- defined by 



(^'•^)ai,...,a n -l — *^ai,..., 



a,-_i,i,a,-,...,a n -i ■ 



For a = (ai, . . . , a n -i) £ { — 1; 0, l} n and for an integer 1 < j < n, an edge of T is an 
1-cube dJ c F described as 

ai,...,Oj_i,— l,aj,...,a n — i ~~ ^ *^ai,...,aj_i,0,a!j,...,Q: n _i — ^ ■'i ai ) ...,aj_i,l,aj,...,a„_i ■ 

An n-cube of 21 is said to be exact if all the edges of T are short exact sequences. 
For an exact (n — l)-cube J- of 21 and for an integer 1 < j < n, let sjj 7 be an exact n- 

cube such that the edge <9" c (sjj-") is T a -4- — ► for any a G {—1, 0, l}™ -1 . Similarly, let 

s7j X T be an exact n-cube such that d^s^T) is — > T a ^4 for any a G {—1, 0, l}™ -1 . 
These exact n-cubes are said to be degenerate. 

Denote by QC n (2l) the Q- vector space generated by all exact n-cubes of 21. The alter- 
nating sum of faces gives a map of Q- vector spaces 

r 1 

d = Y,J2 : ® C rW -> QC f -i(2l), 

j=i i=-i 

by which (QC*(2l), d) is a chain complex. Denote by D n the subgroup of QC n (2l) generated 
by all degenerate n-cubes. Then is a subcomplex of QC*(2l). 



Theorem 2.1. |Mcj The homology group of the quotient complex 

QC*(2l) = Qa(2l)/D* 
is canonically isomorphic to the rational algebraic K -theory of%: 

H n (QC*(Ql),d)~K n (%) Q . 
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2.2. The subcomplex QC Alt (2l). Let 21 be a small exact category, and & n the n-th 
symmetric group. For an exact n-cube T of 21 and for a G (3 n , let ctJ 7 be an exact n-cube 
such that (cr^ai,...,^ = Fa a{1) ,...,a a{n) ■ Then (3 n acts on QC n (2t), and we can obtain the 
alternating part 

QC Alt (2l) = {x£ QC n (2l); a(x) = (sgna)x for any a € 6 n } 

with the section Alt„ : QC n (2t) -> QC Alt (2l) defined by 

(2.1) Alt n (x) = - V (sgn(7)<7(x). 

n! 



We can show in the same way as (EH Lem.l.l] that Alt n _i d = d Alt n , which implies that 
QC Alt (2l) is a subcomplex of QC*(2l) and that Alt* is a map of complexes. 
Set 

QC Alt (2t) = QC Alt (2l)/(QC Alt (2l) n D n ). 

Then QC Alt (2l) is a subcomplex of QC*(2l). Since a J- is degenerate if so is J-, the map 
(12. ID gives rise to a map of complexes 

Alt* : QC*(2l) ^QC* Alt (2t), 

which is also a section of the inclusion QC Alt (2l) C QC*(2l). 

Theorem 2.2. The inclusion QC Alt (2l) ^ QC*(2l) is a quasi-isomorphism. Hence we 
have a canonical isomorphism 

#„(QC Alt (2l)) ~ K n (%) Q . 



To prove this theorem, we need some preparation. For an exact 1-cube J- : A A~ B A C 



of 21, consider the following exact 2-cube: 



A W , 

A y A 



Id 



A 



f 

-> B 

9 



-> c 

Id 



c — ^ c. 



Suppose n > 1. For an exact n-cube T of 21 and for 1 < j < n, let p n j(T) be an exact 
(re + l)-cube such that 



■ ■ ■ ■ ■ ■ <C:/W.n = P (<r ■ ■ ■ tr^tr^ ■ ■ ■ n;; .r 

It is obvious that p n j(F) is degenerate if so is J-. The lemma below follows immediately 
from the definition: 
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Lemma 2.3. 



and 



Moreover, 



Pn-ij-iidlJ 7 ), k<j, 

Pn-lA&k-lf), k>j + l. 



Pn+l,j+\(Pn,j{F)) = Pn+l,j(Pn,j{F))- 



Let QC„ im (2l) = QC„ +m (2l) with boundary maps 

n 1 

d ' = E E (-1) <+J '^ : QCn,m(Sl) -> QC„-l, m (2l), 
i=l i=-l 
m 1 

5 " = E E (- 1 ) <+J '^+i : QCn,m(2l) ->• QCn,m-l(2l). 
j=l i=-l 

Then (QC rij?n (2l), 5', 5") is a double chain complex. 

Lemma 2.4. If m > 1, f/ien (QC*, m (2l), 9') is acyclic, and if n > 1, then (QC ni * (21) , &') 
is acyclic. 

Proof: For m > 1, define a map 

<2y m : QC„, m (2l) -> QC n+ i, m (2l) 

by ^7i,m(^*) = (-l) n+ Vn+m,Ti+i(- ?r ) for an exact ( n + rn)-cnhe T of 21. Then (#*, m ) 
turns out to be a homotopy from the zero map to the identity of the chain complex 
(QC*,m(2l),d'). Similarly if we define 

(21) (21) 

for n > 1 by ty n ,m{,F) = —Pn+m,n{F), then (fl^,*) turns out to be a homotopy from the 
zero map to the identity of the chain complex (QC nj *(2l), d"). □ 

Proof of Thm.2.2: We will prove that Alt* induces an isomorphism on homology. We 
see & n as a subgroup of <3 n+m in the way that 

©„ = {a e S„ +m ; a{j) = j if n + 1 < j < n + m} . 

Set 

QC° m (2l) = G QC7 n+m (2l); a(x) = (sgna)x for any a G ©„} , 

and 

QC° m (2l) = QC° m (2l)/QC° m (Sl) n L>„ +m . 
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Then (QC° m (2l),5',a") is a subcomplex of (QC n , m (2l), ff, &'). Define a map 

Alt„, m : QC„, m (2l) -> QC° m (2l) 

by 

Alt n , m (.F) = ^ ^ (sgna)CT(^) 

' crG6„ 

for any exact (n + m)-cube J 7 of 21. Since the action of & n commutes with p n +m,n+i, it 
holds that 

(2-2) Alt n)7Tt _|_i ^ n ,m = ^>n,ra Alt nj?n . 

If m > 1, then the chain complex (QC° m (2l), d') is proved to be acyclic. In fact, the 
map 

< m = Alt„ +1 , m ^ n , m : QC° m (2i) QC° +lim (2l) 

turns out to be a homotopy from the zero map to the identity. On the other hand, since 
(QC°,*(2l),e?") is a subcomplex of (QC n ,*(2l), d") with the splitting map Alt n ,*, Lem.2.4 
implies that (QC nj *(2l), &') is also acyclic for n > 1. Consequently, the inclusions 

ei : QC*(2l) = QC °,(2l) -> Tot(QC°,(2l)), 
82 : QC Alt (2t) = QC° (2l) -> Tot(QC°*(2l)) 
are quasi-isomorphisms, therefore the composite 

(£ 2 ); 1 (ei)* : #*(QC*(2l)) ^ #*(QC Alt (2t)) 

is an isomorphism. 

Suppose m > 1 and let x G Ker<9" C QCo m (2l). Then x is homologous in 
Tot(QC°*(2l)) to 

x _ {d > _ = e QC^-iW- 

It is also homologous to 

a"< m (x) - (d' + a")^_!5"^(x) = ^^"^(x) - d"^%_ 1 d"^%( x ) 

= -d'^f^d'^ix) e QC 2 ° m _ 2 (2l). 
Repeating this procedure we can say that x is homologous in Tot(QC* »(2l)) to 

( _ 1) im(m-l)^alt_ i ^// # alt_ 2 2 . . . ^j^) g Q C ^ (2l). 

This means that the isomorphism (^^(ei)* is given by 

N ^ (-i) [a"< t _ lil a"< t _ 2;2 • • • d"< m (x)]. 
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Suppose m > 1 and k < m — 2. For an exact m-cube T of 21, 

m—k 1 

d"$ Km - k {F) = E E {-l) l+]+k+1 dl +l+3 p m , k+1 {F) 
j=i »=-i 

m—k 1 

= (-l)*F + £ ^(-l)W+V m _i, fc+ i(4 + i^)- 

3=2 i=-l 

This implies that for y G QC° m _ fc (2l) we have 

(2.3) tf'S&.-fcG/) = ("I)" Altfc+i.n.-fc-id/) " Km-k-M+lV), 

where 

m— fc— 1 1 

9Ui= E E 

3=1 i=-l 

For an exact (m — l)-cube £/ of 21, 

Alt fc+ 2 ,m— fe— 1 ^ft+l,m-fc-l^fc ,771 — fe — 1 (£) — — Alt&4-2,m-fc-l Pm,k+2Pm-l,k+l (0), 

and it is zero since p m ,k+2Pm-l,k+i(&) = Pm,k+iPm-l,k+i (G) is invariant by the transposi- 
tion (fc + 1, A; + 2) G 6fc+2- Hence 

Altfc+2,m-fc-l ^fc+l,m-fc-l^fc,m-fc-l(^) = 

for 2 G QCfe jTn _ fc _i(2t), and it follows from that 

^fe+l jm _fc_l^fc 1 i m-fc-l( 2; ) = Alt / fc + 2, m -fe_l ^fc+l,m— fc— 1 Altfc+l jm _fc_l ^k,m-k-l( z ) 

= Altfc + 2, m _fc_l $k+l,m-k-l'&k,m-k-l( z ) = 0- 

Taking the image by m _fc_i of the both sides of f|2.3j) we have 

$k+l,m-k-ld"®k!m-k(y) = (-l) k &k+l,m-k-l Alt k+l,m-k-l(y) 

= ( — l) fc Altfc + 2,m-fc-l $k+l,m-k-l Altfc + i jm _jfc_i(y) 

for y G QC^ m _ fc (2l), and by QTTfr it is equal to 

(-i) fe Alt fc+ 2, m -fe-i^+i, m -fe-i(y) = (-i) fc *fc+i, m - fc -i(y). 

Hence for m > 1 and for x G QCo, m (2l), 

( _ l) im(m-l)^alt_ i i ^alt_ 2j2 . . . a "c^(x) 

=( _ 1) l m( m-l) 9 ^alt_ iii ^ # alt_ 2)2 . . . d ^_ l(x) 

= _ (-i)^™-!)^** ! 2 ,2 • • • 9"^_ 2 (X) 

=(-ir- i 9"*^. lil ( aJ ). 
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Since 

9"<-i,i(6)=(-i) m a"Ait m , 1/)m , m (e) 

= (-l) m Alt m 0" Pm,m{G) = {-l) m - l ^m{Q) 

for any exact m-cube Q, we conclude that 

{-ltM^) d ''^_ 11 d''^-2,2 ■ ■ ■ S"< m (*) = Alt m (x). 

This means that the isomorphism 

(e 2 )7 1 (ei)* : flm(QC,(a)) ff m (Qa Alt (2l)) 

agrees with the map induced by Alt* : QC*(2l) ->■ QC^ 1 * (21) , which completes the proof. 

□ 

2.3. C-complexes. In this subsection we will introduce C-complexes [Ha| . A C- complex 
A = (A™ , F™ ,n ) is a family of chain complexes (j4™,cti m ) for m G Z such that ^4™ = 
except for finitely many m, with maps of abelian groups 

for m < n satisfying the relation 

(-l) m F™> n d Am + {-l) n d A nF™> n + F l /F™' l = 0. 

m<l<n 

Define the total chain complex Tot(^4) of the C-complex A by 

Tot(^4) p = ©A™ + 

m 

with the boundary map 

d(x) m = (-l) m d Am (x m ) + £ F A m (x l ) 

l<m 

for x = (x m ) G Tot(A) p = ®A™. 

m 

Let A = (A™ , F™' 11 ) and B = (B™,F^' n ) be C-complexes. A map of C-complexes from 
A to B is a family of maps of abelian groups 

for m < n satisfying the relation 

{-l) n d B nf m ' n + J2F l £ n f m ' 1 = {-l) m f m > n d Am + f l ' n F™' 1 . 
i i 
This condition is equivalent to that 

Tot(/) = 0/ m ' n : Tot (A) ->• Tot(B) 

is a map of chain complexes. For two maps / = (f m,n ) : A ^ B and g = (g m,n ) : B — > C 
of C-complexes, define the composite gf by 

/■_ f\m,n \ J.n j-m,Z . im . /-in 

\9J) — J ■ A * ~ ? W+ n -m- 

I 

It is obvious that gf is also a map of C-complexes. 
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Let /, g : A — > B be maps of S-complexes. A homotopy <P = (<P m ' n ) from / to g is a 
family of maps of abelian groups 

-j,m.n . Am , nt) 

w ■ ■ n * ~~ ^ r> *+n-m+l 

for any m < n + 1 satisfying the relation 

(-l) m $ m > n d Am + ^ $ l ' n F™' 1 + (-l) n d B ^ m ' n + Y F l jf<P m > 1 = g m ' n - / m ' n . 
l l 
This condition is equivalent to that 

®r' n : Tot (A)* Tot(£)*+i 

is a chain homotopy from Tot(/) to Tot (5). 

For a C-complex A = (A™, i^ 1 '™) and for r € Z, let A[r] = (^[r] m ,F™;™) be the 
C-complex given as follows: 

Then there is a natural isomorphism of chain complexes Tot(A[r]) ~ Tot(A)[r]. 

Let / : A — >■ B be a map of S-complexes. Define the simple complex s(f) = {C™, F™' n ) 
of / as follows: 

CT = A m ®B™~ 1 , 

dc(a,b) = (d A (a),d B (b)), 

F™' n (a,b) = (FX'"(a),/ m '"- 1 (a) - F™~ w (&)). 

It is easy to see that s(f) is a C-complex such that its total chain complex is canonically 
isomorphic to the simple complex of the map Tot(/) : Tot(A) — > Tot(B). Let p m,n : 
s(f)f = Af® Bf- 1 -»• A™ be the map defined by 



p m ' n (a,b) 



a, m = n, 
0, m 7^ n, 

and i m > n : B[-l] m = B™- 1 -> s(/)J = A™ the map defined by 

\(0,0), m^n. 

Then p = (p m,ri ) : s(/) ->■ A and i = (i m ' n ) : B[—l] ->■ s(/) are maps of 6-complexes. 

Taking the total chain complexes of a sequence of maps of 6-complexes B[— 1] —> s(f) A 

A —7- 5 yields a distinguished triangle of chain complexes. 
The proposition below can be easily verified. 

Proposition 2.5. Let 

A B 



<PB 



A' B> 
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be a diagram of maps of Q-complexes which is commutative up to homotopy. Let 
<Pf : A — > B' be a homotopy from tpsf to fipA- Then the family of maps ipT' n '■ s(f) m — > 
s(f') n defined by 

<fP n (a,b) = W B (a),¥»r 1,B-1 (6) + *? B_1 (a)) 
forms a map of Q-complexes ip s = ((pT ,n ) '■ s(f) — > s(f'). Moreover, the diagram 

B[-l] s(f) A 



<Pb[-1] 



'•Ps 



B'[-l] s(f) A' 

is strictly commutative. 

Proposition 2.6. Let f : A — >■ B be a map of Q-complexes, and p : s(f) — > A the map of 

Q-complexes defined above. Assume that f has a right inverse map up to homotopy, 
namely, there is a map g : B — > A such that fg is homotopy equivalent to the iden- 
tity of B. Let & be a homotopy from the identity of B to fg. Then t = (t m,n ) : A — > s(f) 
defined by 



where 

5 m ' n (a) = 



a, m = n, 
0, m 7^ n, 

is a map of Q-complexes such that pt = Id^ —gf, and it is a left inverse map of p up 
to homotopy, namely, tp is homotopy equivalent to the identity of s(f). Moreover, the 
composite tg : B — >■ s(f) is homotopy equivalent to the zero map. 



Proof: It is easy to see that t is a map of C-complexes such that pt = IcU —gf. Let 

n 

*+n— m+1 

m—l,n/i\ ,7>m— l,n—l; 



K' n ■ *>(/)? -> s(f): +n -m + i be the map defined by 



&™> n (a,b) = (-g m - 1 ' n (b),-^ m ' 1 ' n ~ 1 (b)) . 

Then iP'i = (\P™' n ) turns out to be a homotopy from the identity of s(f) to tp. Let 
: Bf -> s(fY: +n _ m+1 be the map defined by 

<^ 2 m ' n (6) = ^-J29 l ' n ^ m Hb),-J2^ l ' n ~ 1 ^ m ' 1 ^ ' 
then <p2 = (&™ ,n ) turns out to be a homotopy from the zero map to tg. □ 
Let 

A —L^, B 



'PA 



A' B' 
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be a diagram of maps of C-complexes which is commutative up to homotopy. Suppose 
that / and /' have right inverse maps g : B — > A and g' : B' — s> A' up to homotopy such 
that ifA9 is homtopy equivalent to g'y>B- Let 

f : A -> B', 
<P g :B^ A', 
<P : B -> B, 
& ' : B' -> 5' 

be homotopies from cpsf to ftp a, from ^5 to g'ifs, from Id^ to and from Id^' to 
/'</ respectively. Then we have two homotopies 

$ f g + f'$ g + <p B &, &'<PB :B^B' 

from <p B to f'g'ifB- 

Definition 2.7. With the above notations, a second homotopy from <Pfg + f' < P g + ipB'P to 
ty'tp b is a family of maps 

w ' * *+n-m+2 

for m < n + 2 satisfying the relation 

(-l) n d0 m ' n + F^0 m -' - (-l) m 6> m ' ra d - ^ 0*' n F™'' 
i i 

i i i i 



The proposition below is verified by a direct calculation: 

Proposition 2.8. With the above notations, let t : A — >■ s(/) and if : A' s(f') be 
the maps given in Prop. 2. 6. Then (p s t is homotopy equivalent to t'<fA, and the homotopy 
n : A — >■ s(f') from (p s t to t'(fA is given by 

n m > n (a) = (-J2$g n f m,l ( a ) - J>'^7'V), -Ys*' l ' n ~ l $7'\ a ) + J2 el,n ~ 1 f m,l ( a ) ) 

V i i i i J 



2.4. Multi-relative complexes of exact cubes. Let X be a scheme. As we mentioned 
in the introduction, the category ?fi(X) of vector bundles of finite rank on X is a small 
exact category. Hence we can obtain the chain complex of exact cubes of vector bundles 
QC*(X) and its alternating part QC^ lt (X) as in §2.2. Then Thm.2.1 and Thm.2.2 imply 
the following: 

Theorem 2.9. The homology groups of the chain complexes QC^(X) and QCf^ lt (X) are 
canonically isomorphic to the rational K -theory of X: 

HniQC^iX)) ~ H n (QC*(X)) ~ K n (X) Q . 
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Consider a sequence of morphisms of schemes 

x 4 x 1 h ■ ■ ■ 4 x r . 

For a vector bundle T on X r , let us define an exact (r — l)-cube (/i, . . . , f r )*^F on as 
follows: In the case of r > 2, 

((/l) ■ ■ ■ ifr) ^)ai,...,a r -! 

JO, 3j such that aj = 1, 

' \ (fh ■ ■ ■ h)*{fj2 ■ ■ ■ fh+iT ■ ■ ■ (fj, ■ ■ ■ /j,_i+i)*(/r • • • fji+i)*^, otherwise, 

where aT^-l) = {ji, . . . ,ji} with ji < ■ ■ ■ < j\. The maps in (/i, . . . , f r )*T are the 
zero maps or the natural isomorphisms. When r = 1, define {fi)*F = f*T. We can 
generalize this procedure to exact cubes in the following way: For an exact n-cube J- on 
X r , (/i, . . . , f r )*T is an exact (n + r — l)-cube on so that 

dT ■ ■ ■ CJ-lWl, • • • , /r)*^ = (/!,■■■, /r)* W • • • 

Proposition 2.10. For an exact n-cube T on X r , the faces of the exact cube (/i, . . . , f r )*T 
are as follows: For 1 < j < r — 1, 

'(/ 1 ,...,/ J r((/ J+1 ,...,/ r )7) 1 » = -i, 

(/l) • • • > fj+lfj: ■ ■ ■ > /r)*-? 7 , « = 0, 

0, i = 1 



fiS((/i,...,/ r r.F) = < 

and /or r < j, 



d}((h, f r YF) = (/!,..., / r )*(65_ r+1 JO- 

Let Yi, . . . , y r be closed subschemes of a scheme X. Let Yj = (~l Yj for J C {1, . . . , r}, 

and ifc : Yju{fc} ^ the embedding for k £ J. For a division J = K]JI such that 
ivT = {ki, . . . , /c n _ m } with k\ < ■ ■ ■ < k n - m and for a G <5 n _ m , we have a sequence of 
embeddings 

^ Yj-{K W } ^ Y J-{k a(1) ,k <2) } ^ ■■■ ^ Yi- 

Note that (tfc CT(1) , • • • , L k a(n _ m) )* is degenerate if so is J 7 . Hence with the above sequence 
we can associate a map 

Zk = ( s S nc7 )(^(i)'- • • ><^(n- m) r = QC*(y» QC*+n-m-i(Yj). 

<TG6 n _ m 

Let us consider the composite of with the boundary map. To do this, we need to 
introduce signature of a division of subsets of {1, . . . , r}. For a division K ]JI = J such 
that 

K = {k±, . . . , k n — m }, k\ < ■ ■ ■ < k n — m , 
I = {ii, . . . ,i m }, h < ■ ■ ■ < i m , 

J = {jl,- ■ -Jn}, 31 < ■■■ < jn, 
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define the signature as follows: 

(K I\ I k\ ... &n— m H • • • im 
J J =Sgn U in 

The following lemma is easily verified. 

Lemma 2.11. Let J = L\\V ]\I be a division and write K = L\\L' and P = L'\\I. 

Then 

K A / L L'\ ( L P\ (U I 



sgn ( ^_ I sgn I ^ I = sgn I ^_ I sgn ^ 



Proposition 2.12. For x G QC*(Y>), 



n— m— 1 



aSjf(x) + (-lJ^SjfCflx) = J; (-!) a+1 E sgn(Y)Si^(x). 

a=l L\JL'=K 



\L\=a 



Proof. Prop. 2. 10 implies that 

n— m— 1 

9S K (x)= 53 ( s g n(J ) E (- 1 ) a+1 K(i)'---'^(a ) )* ((^c+d'"-.^^))*^) 



<7G6 n -m a =l 

n— m— 1 



(T(n — m) / V / 



(2-4) + ^ (sgna) ^ (-l) a ( ifc(T{1) , . . . , ^ CT(a+1) ^ {a) , . . • , i k . 

<rG6„- m a=l 
(2 .5) +( _ 1) n-m+l £ ( S g n0 -)( tfcCT(1)! ... )ifeCT(n _ m) )*(^). 

In the above, (|2.4p is obviously zero, and (|2.5p is equal to (— l) n ~ m+1 £k(9x). Hence 
d~ K (x) + (-l) n - m ~ K (dx) 

n—m—l 

= 53 (sgn a) 53 (- 1 ) a+1 ( L k a{1 y-,^ (a) T ((^ (0+ i).--->ik ff(n _ m) )*(z)) • 

<7G6 n -m a=l 

If we denote 

£ = ■ ■ ■ ) &<r(a)} = 0l) • • • > ^a}, 

{^<r(a+l) ; • • • j ^a(n—m) } 0l j • • • ) ^n— m— a} 
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with h < ■ ■ ■ < l a and l[ < ■ ■ ■ < l' n _ m _ a , then 



d~ K (x) +{-!)" ~ K {dx) 

n—m—l 

= E (-D a+1 E ^( l k ) 

a=l L\\L'=K 
\L\=a 



n — m — a 



n—m—l 



E (-!) a+1 E sgn( L /)^'(*), 
a=l L\\L'=K 
\L\=a 



which completes the proof. 
Define a map 



F m > n : e qc,(Yj) © QC* +n _ m _i(yj) 

|/|=m |J|=n 



by 



F^(x) J = (-ir E sgn(V)^(x 7 ) 
K\\I=J 
\I\=m 



for x = (xj) e QC*(y/). 

|/|=m 
Corollary 2.13. 



QC*(x ; y 1 ,...,y,.)= © QC,(y/),F m ' n 

\|/|=m 



is a C- complex. 
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Proof. Let x = (xj) € © QC*(Y». Then it follows from Prop. 2. 12 and Lem.2.11 that 

|/|=m 

(-l) n 9F m ' n (x)j + (-l) m F m '™(3x)j 

n—m—l 

= E <**(V) E ("D a+1 E Bga(V')S £Si/ (x) 

X]J/=J o=l L\JL'=K 

\I\=m \L\=a 
n—m—l 

= E (-!) a+1 E E Bgnf^)^^,^) 

a=l L]JP=J L']J7=P 

|L|=a \I\=m 

n—m—l 

= E (-!) n+1 E sgn { L j P )-l (F m ' n ~ a (x)p) 

a=l L]JP=J 

|L|=a 

n—m—l 

_ _ ^ pn-a,n pm,n-a ^ j ^ 
a=l 

which completes the proof. □ 

We next consider pull-back map associated with a morphism of schemes. Let T be 
another scheme with closed subschemes D\ , . . . , D r , and / : X — > T a morphism such that 
f(Yj) C .Dj for 1 < j < r. In what follows, we denote such a morphism by 

f:(X;Y 1 ,...,Y r )^(T;D 1 ,...,D r ). 

Denote the restriction of / to Yj — > Dj by the same symbol / to simplify the notations. 
For a division K \J I = J of subsets of {1, . . . , r} such that K = {k±, . . . , fc n _ m } with 
&!<•••< fc„_ m , define a map S^j : QC*(L>/) -)• QC* +n _ m (lj) by 

n—m 

S K,f= E( _1 ) P E ( S S nCr )(^(l)'---'''fc CT (p)'/'^ CT ( P +l)'---' i fc CT (n- m ))*- 

p=o o-e6„- m 

In particular, in the case that K is the emptyset, S$j = f* : QC*(Dj) — >■ QC*(Yj). 

Proposition 2.14. For x € QC*(D/), 
0Sjr,/(x) + (-1)"— +1 ^ / (5x) 

^2 — Yfi fl — TTL — 1 

= "E E s g n( L K L ')S L S L/J (x) + (-l) a E Bgn(V')SL,w(x). 

o=l L\JL'=K a=0 L\\L'=K 

\L\=a \L\=a 

Proof: Prop. 2. 10 implies that 

Yl — Yfi fl — TCI 

dS Ktf ( X ) + (-lT- m+1 ~ K j(dx) = £ {-iT^d-^Kjix) + £ (-l^^x), 

a=l a=l 
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It, III, 

J2(-l) a d° a ZK,f(x) 



a=l 



E ( s £ na ) ( 

cre&n-m. 



n—m p— 1 



' Lk a(a + 1) ik <r(a) > ■ ■ ■ > ifc CT (p) ' /' ^ 



•(p+1)' 



*(*) 



p=0 a=l 

n—m n—m— I 



+ E E (-ir^o--,^,),/,^ 



p=0 a=p+l 
n—m 



(p) ' ■" " K <r(p+1) ' ■ ■ ■ ' Lk a(a + 1) l K(a) ■ 

n—m— I 



p=l p=0 



} ■ 



which is obviously zero. On the other hand, 

n—m 



a=l 



n—m p 

= EE(-!) a+p+1 E ( s g n -)x 

p=l a=l o-G6 n _ m 



( i fe CT (l) > ■ ■ ■ ) L k a{a) ) ((^(a+l) j • • • ) i fc CT ( p ) 1 /; t fe CT ( p+ i) ) • • • ) i fc CT 

(n — m) )*(*)) 



n— m— I n— m— 1 

+ E E (- X ) a+P E (sgn c) 

p=0 a=p o-G6„- m 



X 



( i fc CT (l)' • • • ' ^(p)' /' ifc <r(p+l)' • • • ' L ko(a))* ((^(o+l)' ■ • • ' ifc cr (n — m) )*(*)) 



n—m 'it— 'i a— i 

E E s g n(V')^^,/(-)+ E E (-l) a sgn(V')^^ 
a=l L\JL'=K a=0 L\JL'=K 

\L\=a \L\=a 

which completes the proof. 



n—m—l 



Define a map 



by 



(/*p n : e qc^Dj) -> e <Q>a +n _ m (Y» 

|/|=m |J|=n 



(/T B (z)j= E sgn(V)S*,/(*/) 

|/|=m 



for x = {xi) e e qc*(l» 7 ; 

|7|=m 
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Corollary 2.15. 

r = (rr n 

is a map of Q-complexes. 

Proof: It follows from Prop. 2. 14 and Lem.2.11 that 
(-1)"9(/T' n (^)j - (-l) m (f*) m ' n (dx)j 



{T;D 1 ,...,D r )->QC*(X;Y 1 ,...,Y r \ 



K]\I=J 

\I\=m 



_ E E sgn( L /)^^',/(^) 
a=l L\JL'=K 
\L\=a 



n—m—1 

+ E (-!) a E S gn( L /)^,/^(^) 
a=0 L\JL'=K 
\L\=a 

n—m 

<-i) n+1 E E ^( L /) E S gn(V)^^,/(^) 

a=l L]JP=J L']J7=P 

|L|=a |/|=m 

n— m— 1 

+ E (~ i r +a E ^(Y) E wMs^svizr) 

a=0 L]JP=J L']JJ=P 

|L|=a \I\=m 
n—m n—m— I 

-_ _ ^ F n - a > n (f*) m > n - a (x)j + (/*) n_0 ' n if ,m ' n - (a;)j, 



a=l 



a=0 



which completes the proof. 



□ 



Comparing the definition of the simple complex of the pull-back map i* with the defi- 
nition of QC*(X; Yi, . . . , Y r ), we obtain the following corollary: 

Corollary 2.16. The C-complex QC*(X; Yi, . . . , Y r ) is canonically isomorphic to the sim- 
ple complex of the map 



{x-,Y u ..., y r _i) -> QC*(Y r ; n n y r , . . . , y r _ x n y r ) 



induced by the embedding i r :Y r X. Hence the homology groups of QC*(X; Yi, . . . ,Y r 
are isomorphic to the rational multi-relative K -theory of (X; Yi, . . . , Y r ): 



H n (QC*(X; Y 1 ,...,Y r ))~K n (X;Y 1 ,..., Y r \ 



Let 



(X;Y 1 ,...,Y r )A(T;D 1 ,...,D r )A(S;E 1 ,...,E r ) 
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be morphisms of schemes with closed subschemes. For a division K JJ / = J of subsets 
of {1, . . . , r} such that K = {k±, . . . , k n - m } with k± < ■ ■ ■ < k n - m , define a map ^K,f,g '■ 
Qa(Ej) QC* +n _ m+1 (Yj) by 



S KJ,g = Yl ("1) P+9 E ( S g ncJ )(---^fc CT ( P )'/^fc CT (p + i) ) ---^fc CT(9 )>5,^ CT(g+1) ,---) 
0<p<t/<n— m o-G©tj 



Proposition 2.17. // we write h = gf, then for x <G QC*(Ei), 



d~ KJ , g {x) + {-l)™E KJ , g {dx) 

71 — 771 71 — 771 

= E E (-l) a+1 ^(V)^^,/, 9 W+E E Bgn(V)SL,/5 £ 
a=l L\JL'=K a=0 L\JL'=K 

\L\=a \L\=a 

n—m—l 

+ E E (-l) a+1 sgn( L /)^/, 9 ^'(x)-^(x). 
a=0 L\\V=K 

\L\=a 

Proof: Prop. 2. 10 implies that 



^w*)+(-ir- m ^ /i9 (d*) 

n— m+1 n—m+1 

= {-l) a+1 d- 1 Z KJ , 9 {x)+ i-l) a d^Kj, 9 {x). 

a=l a=l 



In the same way as in the proof of Prop. 2. 12 and Prop. 2. 14 we can show that 



n— TO+1 



'-g{ x ) 



E (-irfe,/, 9 (z) 



a=l 

n—m 



E E (- 1 ) P+1 (sgnCT)(/, fcCT(1) , . . . , i ka(p) ,gf, tk ff(p+1) ,- ■ ■ , Lk <n _ m) )*(x) 
p=0 (jg6 n _ m 
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On the other hand, 

n— m+1 

E (-lr^- 1 -^*) 

a=l 

= £ (sgna) £ (-l)^x 

^e6 n -m 0<p<q<n—m 
P 



a=l 

+ X]^ 1 ^^ • • ' 4fc *( P ) *"*<,(«))* ((**»(•+!) . ■ ■ ■ > ' 9 , • ■ 0*0*0) 

r; — t i 



n—m—1 



it — in — ± 

+ E ( _ 1) + (•••■> L K( V ) >/>•••) ^(q)' 5) •••) t fc CT(a) ) ((^(a+l)) • • • , t fe CT(n _ m) ) 0*0 ) 

72 — 771 77 — 771 

= E E (-l) a+1 sgn( L /)^^,/,,(-)+E E sgn(V)^, / H i , 5 (,) 

a=l L\JL'=K a=l L\\L'=K 

\L\=a \L\=a 

+ E E (-l) a+1 sgn(V')-L,/, ff H L ,(x), 
a=l L\JL'=K 

\L\=a 

which completes the proof. □ 
Define a map 

<2> m > n : QC*(£/) © QC*+n-m+i(y» 

|/|=m \J\=n 

by 

^"(x) J = (-ir E ^(V) s *,/*(*/) 

K]\I=J 

\I\=m 

for x = (xj) € QC*(£j). 
|/|=m 

Corollary 2.18. 

£ = <T™' n : QC*(S; . . . ,E r ) QC7* +1 (X; Y l5 . . . ,y r ) 
is a homotopy from h* to f*g* . 
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Proof. It follows from Prop. 2. 17 and Lem.2.11 that 

(-i) n d<P m ' n {x)j + {-i) m $ m ' n {dx)j 

n—m 

= E(-!) a+1 E ^( L f) E ^(V^L^axj) 

a=l L]JP=J L']J7=P 

L|=a |7|=m 

n—m 

+ E E g s n ( L /) E sgn^; 7 )^^,,^) 

a=0 L[]P=J L']JJ=P 

|L|=a |/|=m 
n— m— 1 

+ E (-!) a+1 E ^( L /) E 

a=0 L]JP=J L']J7=P 

|L|=a |/|=m 

" E sgn(y)~^(x) 
|/|=m 

n—m n—m 

= " E F n - a ' n <P m ' n ~ a {xj) + {f*) n ~ a ' n {g*) m ' n ~ a {xi) 

a=l a=0 

n— m— 1 

a=0 

which completes the proof. □ 
2.5. The C-complex QC^X; Yi, . . . , Y r ). Consider the sequence of embeddings 

Yi n y 2 ^ Y> ^ y 2 4 x 

and take a vector bundle T on X. Then the 2-cube (ti, Id, i-i)*T on Y\ n Y2 is described 

as 

^1 ^2*^"" ^ ^1 ^2*^"" 



which is not degenerate. This means that (Id*) ' 2 is not the zero map. More generally, 
the pull-back map by the identity morphism 

(Id*)* :QC*(X;Y 1 ,...,Y r )^QC*(X;Y 1 ,...,Y r ). 

is not the identity, hence we can not apply Prop. 2. 6 and Prop. 2. 8 to the multi-relative 
complexes of exact cubes. However, since the above cube is symmetric, we can overcome 
this drawback by using the alternating part QC^ lt (X). 
Let 

X 4 X l 4 • • • h X r 
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be a sequence of morphisms of schemes, and T an exact Ti-cube on X r . For any <j (E ©«, 
define a' € 6 n + r -i by 

••• r — 1 r ••• n + r — 1 \ 

a ~~ ^1 ••• r-1 a(l)+r-l ••• a(n) + r-lj" 

Then it holds that 

(/!,... f r y(a(T))=a'((f 1 ,...,f r y(T)). 
This implies that for a division K ]J / = J of {1, . . . , r} we have 

Alt, E K Alt, = Alt, ~ K : QC*(y) -»■ QC,+„- m -i(lj), 
which leads to the following proposition: 

Proposition 2.19. // we ptii 

-j^ = Alt, E K : QC, Alt (y) QC^n-m-iP'j) 

and 

F m,n = ( _ 1) n £ Sg H ( */) =tf : ® ^"(F/) ^ ® QC-m-l(^), 

KU/=J |/|=m |J|=n 

|/|=m 

i/ien i/te family 

-fAlt/x^.v V "\ I n\ iTVl/^Alt/T^ \ 77m, n 



t (x ; y 1 ,...,y)= e QC^^y),^ 

\|/|=m 



is a S- complex. Similarly, for morphisms 

{X;Y 1 ,...,Y r ) 4 (T;Di,...,D r ) 4 (S;E u ...,E r ), 
write = Alt, H^j, s lrj jff = Alt * a™d 

(rr n = E s g n (V)^!/ : ,,® oc^™ -> , © ®c^ n _ m (Yj), 

K U I=J ' /|=m |J|= " 

|/|=m 

^" = (-i) fl E s g n (V)^!/, 9 : © QC, Alt (£ 7 )^ © QC^^+^yj). 

/fU/=J |/|=m |J|=n 

T/ien /* = ((f*) m,n ) is a map of ^.-complexes and <P = (<P m ' n ) is a homotopy from h* to 
f*9*. 



Proposition 2.20. For the identity map Idx : X —■ X , 

Id* x : QC, Alt (A; y, . . . , Y r ) QC Alt (X; Y u ...,Y r ) 

is the identity map of the 6- complex. Hence if we assume that 

(S; Ei, . . . , E r ) = (A; y, . . . , y) and gf = Idx in the above notations, then f*g* is 
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homotopy equivalent to the identity, and a homotopy from the identity to g*f* is given by 

<P m,n = ( _ 1) » £ sgn (Y)^ /)9 : 0Q(f(y 7 )-» Q^A-m+i^)- 
XT]/=J \I\=m \J\=n 

\I\=m 

Proof: Suppose n — m > 1. It is easy to see that for any exact cube T, 
( i fc CT(1)) • • • , tfc CT(p) , Idx, ^(p+j)) • • • > L k a{n _ m) ) J 7 

is invariant under the action of the transposition (p,p + 1) if 1 <p<n — m — 1, and it is 
degenerate if p = or n — m. Hence 

Alt *(<-fc CT( i) ' • • • ' ^ CT(p) , Mx, <<fc CT(p+1) , ■ ■ ■ , L K (n _ m) )*(J r ) = 0, 
which completes the proof. □ 



3. The multi-relative ^-theory and the higher Bott-Chern forms 

3.1. The cocubical schemes (P 1 )* and □*. A cubical complex is a family of abelian 
groups {C n } n=0 ,i,... with maps 

$,d?°:C n ^C n -i, l<i<n, 
Si : C n _i ->■ C n , 1 < i < n, 

satisfying that 





—f) k f) 1 


i < 3, 








i < 3, 


df Sj 




Id, 


i=3, 








i > 3, 


SiSj 




i < 3 



for k, I = or oo. Then the same family of groups {C n } with 

n 

a = x;(-i) i (aS ) -ar):c n ->c n _ 1 
i=i 

forms a chain complex. Set 

D n = 5^Im(si : C n _i -»■ C„) C C„. 
i=l 

Then is a subcomplex of C*. An element of is said to be degenerate. The subcomplex 
defined by 

(NC) n = n Ker&°° 

is called the normalized subcomplex of C* . Then there is a direct sum decomposition 
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Hence, if we write C* = C*/-D*, then there is a canonical isomorphism of chain complexes 

When an element x G C* is decomposed as x = xq + x^ such that xq G NC* and x^ G D*, 
xo is called the normalized component of x, and x is said to be normalized if x^ = 0. 

Let P 1 be the projective line. Let z be the canonical coordinate of P , and z 
where ttj : (F 1 ) r — > P is the i-th projection. Define coface and codegeneracy maps 

Si 5™ : (P x ) r (P 1 )^ 1 , 1 < j < r + 1, 



7172, 



, 1 < j < r 



as follows: 



Then ((P 1 )*, Sp o~j) is a cocubical scheme. For any subset J = {ji, . . . ,j n } C {1, . . . ,r} 



6j(zi, ...,Z r ) = (zi, . . .,Zj-l,0,Zj, . . . ,Z r ), 
Sj°(zi, ...,Z r ) = (Zi, . . . ,Zj-i,00,Zj, . . .,Z r ), 
0-j(z!,...,Z r ) = (Z!,... 

with ji < < in and for any map t : J — >• {0, oo}, the closed subscheme 
D Jyi = Im (g£ n) ■ ■ ■ 5^ l} : (P 1 )^" -> (P 1 ) r 

is called a /ace of (P 1 ) 7 ". In other words, 

Dj, L = {( Zl ,...,z r ) G (P 1 )";^ = t(jk), k = l,...,n}. 
Let £>, = {zj = or oo} C (P 1 ) 1 " and Dj = n Dj. Then D j is a disjoint union of faces 
of (P 1 )^ 

Dj = A/, t C (P 1 )''. 

t: J->{0,oo} 

Let □ = P 1 - {1}. Then □* C (P 1 )* with the same coface and codegeneracy maps is 
also a cocubical scheme. Denote the faces of CT by the same symbol: 

D jL = Im ( 5\ {h) ■ ■ ■ 5 L } jn) : D r ~ n -> □' 
Dj= D J>t C D r . 

l:J— >{0,oo} 



3.2. Complexes of differential forms. In this subsection we will introduce several 
complexes of differential forms which we will use throughout the paper. In what follows, 
by complex algebraic manifold we mean the complex manifold associated with a smooth 
algebraic variety defined over the complex number field C. Let X be a complex algebraic 
manifold. Denote by (E* ^(X),d) the complex of real smooth differential forms on X 
with logarithmic singularities along infinity, which is defined in |Bul| . Then (E* R (X), d) 
with the natural bigrading 
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forms a Dolbeault complex. It is proved in |Bul] that the complex E* ogR (X) with the 
above bigrading computes the cohomology groups of X with the usual Hodge structure. 
Denote by (D* (X,p), cfo) the associated Deligne complex [Bu2} §2], and by tT>* (X, p) = 
T <2pf * (X, p) the subcomplex of "D* (X,p) truncated at the degree 2p. That is to say, 



TV? og (X,p) = { 



E 



n-l 
lo E ,K 



(X)(p-l)n E? og q (X), n<2p, 

p'+q'=n—l 

p' <p,q'<p 

E Hr( X )(p) n Eff g (X) n Ker d, n = 2p, 

0, re > 2p, 



where R(f>) = (2iri) p M C C and E* ^(X)(p) is the space of differential forms on X with 
values in K(p). The differential d 2 : rDf (X,p) -> rD^t 1 (X, p) is given by 



«\"' r ' ' ' ~ log 

— 7r(dw), re < 2p — 1, 

—2ddoo, re = 2p — 1, 

0, re > 2p — 1, 



where 7r : £/j" g (X)(g)C — >• (X,p) is the canonical projection. Then it is shown in |Bu2} 

Cor. 2. 7] that if re < 2p, then the cohomology groups of {tT>* (X, p) , dp ) are canonically 
isomorphic to the Deligne cohomology of X: 

H n (TVl g (X,p),dv) * H%(X,R(P))- 

Let us recall the multiplicative structure of tV* (X,p) given in \Bu2\ §3]. Define a 
product 

. : rDf og (X,p) TV? og (X, q) -> rDg m (X,p + g) 

as follows: If re < 2p and m < 2g, then 

u • 77 = (-l) n (du; p - 1 ' n - p - da; 7 ™" 1 )) Ai) + wA (dr/ 9 " 1 '™- 9 - dr/" 1 ' 9 ' 9 - 1 ), 

where w p ' 9 is the (p, g)-part of the differential form oj. If re = 2p or rre = 2g, then define 
w • 7] = uj A 77. It is shown in |Bu2l §3] that 

d?>(oj • 77) = (iDW • 77 + (— l) ra w • d-QT) 

and the induce map on cohomology agrees with the product in the Deligne cohomology 
defined in [EH §2]. 
Set 

<Dl- r (X,p) = T<D? og (Xxn r ,p) 

and define differentials by 

dv.Vl- r (X,p)^Vl +1 ^ r (X,p), 

r 

3=1 
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Then (D A ' (X , p) , dp , <5a) is a double complex. When we fix the first index n, r i-> 
2)2' _r (^)P) nas a cubical structure. Denote by D A ~*(X,p) the subcomplex of degenerate 
elements with respect to this cubical structure, and set 

V n A -*(X,p) = V n A ~*(X,p)/D n A -*(X,p). 

Denote by (T> A (X,p),d s ) the single complex associated with T> A *(X,p). Then it is shown 
in \BF\ Prop. 2. 8] that the inclusion 

TV* log (X,p) = T)f(X,p) -> T)* A (X,p) 

is a quasi-isomorphism. 

We introduce another double complex. Set 

V;'- r (X,p) = r1)l g (Xx(F 1 r,p) 

and define differentials by 

dv.V;'- r (X,p)^V* +1 >- r (X,p), 
6p = £ ( _iy ((5 o r _ {6 oo T) . ^ 

Then (2)p _r (X, p), d?), <5p) is also a double complex. Let z be the canonical coordinate of 
P 1 , and fix a Kahler form Q = dd\og(l + \z\ 2 ) € Dp' _1 (X, 1) on P 1 . Set 

D^ r (X,p) = (a*(^'- r+1 (X,p))+7T*nAa*(V^- r+1 (X,p-l))) , 

3=1 

where %~ : X x (P 1 ) 7 ' — » P 1 is the projection to the j-th component of (P 1 )**, and aj is the 
codegeneracy map of the cocubical scheme (P 1 )*. Set 

V;>-*(X,p) = <D$-*(X,p)/D^*(X,p), 

and let (T> p (X,p), d s ) be the associated single complex. Then it is shown in \BW\ Prop. 1.2] 
that the inclusion 

rV* log (X,p) = V*/(X,p) -> V* ¥ (X,p) 

is a quasi-isomorphism. 

Finally we introduce a triple complex mixing the above construction. Set 

Vlp- s (X,p) = rV? og (X x LT x (P 1 )^) 

with differentials dx,,5A,5f defined in the same way as above. Define a subcomplex of 
degenerate elements as follows: 

Dlp-\X,p) = D n A >- r (X x (P 1 )^) + D^~ S {X x LT,p) C V^p-* (X,p). 

Set 

Vlp- s (X,p) = ^lp-\X,p)/Dlp-\X,p), 
and let (T> AF (X,p),d s ) be the associated single complex. Then the inclusion 

rV* lo JX,p) = V*A°(X,p) -+ T)* A JX,p) 
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is also a quasi-isomorphism. To sum up, we obtain the following commutative diagram of 
quasi-isomorphisms : 

rV* og (X,p) ► T)* A (X,p) 



vux, P ) ► vi :F (x, P ). 

We next consider r2) 1 * og (X,p)-module structures on the above mentioned complexes. 
For u € rDf og (X,p) and r\ € T>™'~ r (X, q), define a product by 

uj» a t] = n* x uj»r] € T>'1 +m '~ r (X,p + q), 
where irx '■ X x EF — >■ X is the projection. Then it induces a map 
•a : rV* log (X,p) x V* A (X,q) -> V* A (X,p + q) 
which satisfies the relation 

d s {u> »a v) = d'DUJ •AV+ (-l) dcgw w *A 4^- 
Similarly, we can define products 

•P : rDl g (X,p) x Vl(X,q) £ P (X,p + g), 
•A,p : rDyi,})) X D A;P (X, g) -)■ D A;P (X,p + g), 
which satisfy the same relation. 

3.3. Complexes of currents. Let X be a complex algebraic manifold of dimension dx- 
Denote by E^(X) cpt the space of real smooth differential forms on X of degree n with 
compact support, and by D^(X) the topological dual of E^ x ~ n {X) cpt (dx)- Define d : 
Dl(X) -> Dl +1 (X) by dT( w ) = (-l) n T(duj) for w € E^ x - n ~\X) cpt {d x ). Denote by 
£ ,p ' 9 (X) cp t the space of (p, g)-forms on X with compact support, and by D p ' q (X) the 
topological dual of E dx - p > dx ~ q (X) cpt . Then (DJ(X),d) with the bigrading 

D n l (X)®C = £)P-9(X) 

p+q=n 

forms a Dolbeault complex as well. Denote by tD* d {X,p) the associated Deligne complex 
truncated at 2p. 
Let 

[ ] : EftX) -+ Dl{X) 

be the map given by the integral 



uj A 77 

A 



for a; S n (X) cp t. It satisfies d[r/] = [dry], and gives a quasi-isomorphism of the 

Dolbeault complexes. Hence it induces a quasi-isomorphism of the associated Deligne 
complexes: 

[ }:tV*(X,p)^tVUX, P ). 
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For an integral subvariety V C X of codimension p, let 5y G tD^(X,p) be the current 
given by the integral 

8v((jo) = -, n / t*u 

VK ' (2TTi) d X-pJy 

for lo G E^ x ~ 2p (X) cpt (d x -p), where i : V -> V C X is a disingularization of V. We 
can extend this construction linearly to any cycle z of codimension p and we can define a 
current 5 Z G rD^'(X,p). 

Let Y" be a complex algebraic manifold of dimension dy, and / : X — > Y a proper 
morphism. We can define the direct image map 

U : DUX) -> Z^(Y)(dy - dx)[2dy - 2d x ] 

by /*(T)(W) = T(f*uj) for T G and w G £^(Y") cpt . It induces a map of the Deligne 

complexes 

/, : rT>* D {X,p) -> rD^(y,p + dy - d x )[2dy - 2djc]. 

3.4. Wang's forms. In this subsection we will introduce Wang's forms [BW] . Let z be 
the canonical coordinate of the projective line P 1 and z-i = tt*z, where 7Tj : (P 1 ) 7 * — > P 1 is 
the i-th projection. For r < 1, define a differential form W r on (P 1 ) r by 

1=1 

where 

S£ = V (sgna)log |^(i)| — A • • • A — A - ; A • • • A _ w . 

The form W r has logarithmic singularities along the codimension one faces of (P 1 ) 7- , and 
it is locally integrable on (P 1 ) 7 " such that W r = (— l) r_1 W r . Hence as a current, [W r ] G 
rD r D ((P 1 ) r , r). When r = 0, suppose that W = 1. 

Proposition 3.1. [BFT} Thm.6.7] When r > 1, the current [W r ] satisfies the relation 

r 

i=i 

We now construct several maps between the Deligne complexes given in §3.2 and §3.3 
in the case that X is compact. Let 

7T P : X x (PY -> (P 1 )", 

tt x : X x (PY -> X 

be the projections. For any oj G Dp' _r (X,p) = r2? n (X x (P 1 )' r ,p), consider the integral 
along fibers 

-i- / oj.^W r Gr'D n - r (X,p). 
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We can show in the same way as |BWl Lem.6.8] that the above integral is zero if to G 
Proposition 3.2. The map 

K ¥ :T>UX,p)^TV n - r (X,p) 
induced by the above integral is a map of complexes. 
Proof: For u G V^~ r (X,p), 



d V K V (u) = dp I / u • irpW, 



r 



1 



(2m) 1 



(dp — dp ) p)(w • 1TpW r 



where dp,p is the differential of tT>*(Xx (P 1 ) r ,p) on the component (P 1 ) 7 ". Since dq)W r = 
differential form, 



— ^— / dp(w»7T P W r ) = — / dpCJ-TTpW,. 

On the other hand, it follows from Prop. 3.1 that 



1 f f 

/ dp p(w • 7TpW r ) = — / (JpCj) • 7TpW r _l. 

J/pl)r (27™) f 7(pl)r-l 



(27ri) r y (P i)r ' (2vri) r 1 7 (P i) 



Hence 



1 /" (-1)™ /" 

dpKp(w) = / dpw • 7T P W r + / (<5pw) • 7r P W r _i 

(2VTi) r ^(pljr (27U) r 1 7(pl)r-l 

= Kp(dpw) + (-l) n Kp(5pa;), 
which completes the proof. □ 

It is easy to see that the map Kp is a left inverse of the inclusion rD*(X,p) — > T>^(X,p). 
In particular, Kp is a quasi-isomorphism. 

Let us next consider a similar map on the complex T>^(X,p). In this case, we can not 
take the integration along fibers. However, it is shown in |BFT1 Prop. 6. 5] that for any 
to G V 7 ^~ r (X,p) = tT>™ (X x O r ,p) the product to • 7r p W r . is locally integrable on the 
compactification X x (P 1 ) 7 * of X x CT, therefore we can define the current 

ir x ,[u*K}W r ] eTV n D ~ r (X,p). 

Moreover, |BFT1 Prop. 6. 5] says that 

dp7rx*[w • 7TpW r ] = 7Tx*[dpO; • 7TpW r ] + (-l) n TT X ^A^ • 7TpW r _l]. 

Since 7rx,*[w • vrpl^r] = if w G Z?2' _r (^,p)) we conclude that the above current gives a 
map of complexes 

K A :£X(X,p)^T2rb(X,p), 
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which make the diagram 

tV*(X, P ) 



[ ] 




commutative. In particular, k& is also a quasi-isomorphism. 

Finally let us consider a map from the complex D^ p (X,p). In the same way as the 
previous case we can show that for any u G T> 7 ^~ r '~ s (X,p) = rD^ g (X x CT x (P 1 ) 8 ,^), the 
product oj • ir^Wr+s is locally integrable on the compactification X x (p 1 ) r+s of X x ET x 
(P 1 ) 8 , and that the current 7rx*[w • 7rjpW r + s ] G tT>'^ 1 ~ s (X,p) gives a quasi-isomorphism 

rc A , P :5|(X,p) rO)l,(X,p). 
Summing up the results in this subsection, we obtain the commutative diagram 

T>l(X,p) T>* A JX,p) < T>UX, P ) 



KA,P 



rV* D (X,p) 



all the maps in which are quasi-isomorphisms. 



3.5. The higher Bott-Chern forms. In this subsection we will recall the higher Bott- 
Chern forms [BW| . Let X be a complex algebraic manifold and J- a vector bundle on X. 
Given a smooth hermitian metric h on J 7 , there exists a unique connection on T which 
is compatible both with the complex structure and with the metric. Using the curvature 
form of this connection, we obtain a differential form 

ch (J r , h) G ®E$(X)(p) n E p ' p {X) n Ker d 
p 

which represents the Chern character of T . This from is called the Chern form of (J 7 , h) . 

A smooth hermitian metric h on T is said to be smooth at infinity if there is a vector 
bundle T' on a smooth compactification X of X with a smooth hermitian metric h' such 
that the restriction (F'lx, h'\x) is isometric to (J-, h). In this case the Chern form cho(J r ) 
can be extended to a smooth differential form on X. In particular, 

choCF) G ®tV* {X,p). 
p b 

In what follows, any hermitian metric on a vector bundle is supposed to be smooth at 
infinity. 

An exact hermitian n-cube on X is an exact ra-cube consisting of vector bundles on X 
with smooth hermitian metrics. Denote by QC*(X) the chain complex of exact hermitian 
cubes on X with smooth at infinity metrics, and by QC*(X) the quotient complex of 
<Q)C*(X) by the subcomplex of degenerate cubes. Denote by QC'^ lt (A A ) the alternating 
part of QC*(X). Since the space of smooth at infinity metrics on a vector bundle is 
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convex, the map QC*(X) — > <QC*(X) forgetting metrics is a quasi-isomorphism. Hence 
Thm.2.9 implies the following: 

Theorem 3.3. The homology groups ofQC^(X) and QC^ t (X) are canonically isomor- 
phic to the rational algebraic K -theory of X: 

H n (Qd^\X)) ~ H n (Qd*(X)) ~ K n (X) Q . 

An exact hermitian n-cube T on X is emi if for any 1 < j < n, the metric on dj T is 

induced from the metric on djj- by means of the inclusion dj l T d]T . Let QC* mi {X) 

denote the subcomplex of QC*(X) consisting of emi-cubes. As seen in [BW] §3], we can 
obtain a map of complexes 

\:®d*(X)^Qdt mi (X) 

such that the composite of A with the inclusion QC^ mt (X) QC*(X) is homotopy 
equivalent to the identity. 

With any emi- n-cube J- on X we can associate a hermitian vector bundle ti n (J-) on 
X x (P 1 )™ such that there are isometries 

for 1 < j < n. The hermitian vector bundle tr n (J-") is called transgression bundle of J 7 
[BW, Def.3.8]. Note that the metric on tr^J 7 ) is smooth at infinity if each metric on T 
is smooth at infinity, as mentioned in |BW1 Def.3.8]. Define the Bott-Chern form of an 
exact hermitian n-cube J- on X to be the Chern form of tr n (AJ 7 ): 

ch n (J) P = ch (tr n (A7 : )) G ®T) 2 p p - n (X,p). 

v 

It follows from the isometries (|3.ip that 5pch n (J r )p = ch n _i(5J r )p. Since ch n (J r )p = if 
J 7 is degenerate [BWi Prop. 3. 11], it induces a map of complexes 

ch* )P : QC*(X) -)■ e©p P "*(X,p). 
p 

In the case that X is compact, we can obtain 

ch n (^) = Kp (ch n (^) P ) G ®rV 2p - n (X,p). 

p 

Note that in the case that n = 1, chi(J r ) G ©TD 2p_n (X,p)/ImdD agrees with the Bott- 

p 

Chern secondary class of a short exact sequence T defined by Gillet and Soule in [GS2]. 

Theorem 3.4. [BW, Thm.5.2] When X is compact, the map on homology induced by the 
Bott-Chern forms 

ch„ = ©ch£ K n (X) Q -> ®H^ n (X,M(p)) 
p p 

agrees with Beilinson's regulator. 
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Remark: The target of Beilinson's regulator is the absolute Hodge cohomology, not the 
Dcligne cohomology. Hence in [BW] the higher Bott-Chern forms sit in a complex which 
computes the absolute Hodge cohomology. However, since the both cohomology theories 
are canonically isomorphic for compact manifolds, the above theorem follows. 

3.6. A multi-relative complex of exact hermitian cubes and the higher Bott- 
Chern forms. We begin by introducing a metrized version of the C-complex of exact 
cubes defined in §2.4. Let X be a complex algebraic manifold and Y\, ... ,Y r closed sub- 
manifolds of X. Then the same construction as in §2.4 and §2.5 gives a C-complex 

®d*(X;Y 1 ,...,Y r )= ( © Qd,(Yj),F m ' n 

\\I\=m 

and 

QC^(X; Y x ,...,Y r )=( © QC t Alt (rj),^' 

\\I\=m 

It follows from Cor. 2. 16 and Thm.3.3 that there are canonical isomorphisms 

HniQCf^X; Y u . . . , Y r )) ~ H n {QC*{X; Y u . . . , Y r )) ~ K n (X; Y u ..., Y r ) Q . 

Let us recall the notations introduced in §3.1. Consider the product X x D r with the 
normal crossing divisor 

X x dU r = X x £>! + • • • + X x D r , 

where Dj = {zj = 0,oo} C D r . We identify X with X x {(oo, . . . , oo)}, which is a 
connected component of X x Dsi ___ r \. This gives an embedding of chain complexes 

(3.2) i x : QC*(X) QC*(X x U r -X x 0LT)[r]. 

The homotopy invariant property of X-theory implies that the map (j3.2[) induces an 
isomorphism of iT-groups: 

K n+r (X) Q ~ K n (X xn r ;Xx da r ) Q . 

Let Ti be an exact hermitian n-cube on X x Dj. In other words, J~i is a family 
{J r / jt } t: /_ i .{0 iOO } such that Ti^l is an exact hermitian n-cube on X x Di ti with a smooth at 
infinity metric. We identify Dj tL with □ r— 1^1, and let 

ch n (J z ) P = V (-l)l l l ch n (J r > € ®T) 2 ¥ p ~ n (X x 
— p 

t:i->-{0,oo} 

where |t| is the cardinarity of the set {i £ /; = oo}. Then it gives a map 

cIvp : QC n (X x Dj) -> ®T)f- r+W - n (X,p). 

v 

Since (5pch n (J r /)p = ch n _i(9J r /)p, we have the following: 
Proposition 3.5. For any xi € QC n (X x Dj), we have 

r-\I\ 

4ch„(x/) P = ^ (-i/^n^UxD^P + (-l) r_|/| ch n _i(0X/)p 
1=1 
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in T>^ ¥ (X,p), where {ix, . . . , V_m} is the complement of I with %\ < ■■■ < v_iji and 
Il = IU{ii}. 

Definition 3.6. An element x € QC n (X) is said to be isometrically equivalent to a 
degenerate element if there is a lift 

i 

of x such that each Fi is isometric to a degenerate cube. 

It is obvious from the definition of the map A in |BWt §3] that \J- is isometrically 
equivalent to a degenerate element if so is T . Furthermore, it is obvious from the definition 
of the transgression bundle that an isometry T ~ Q of emi-n-cubes on X induces an 
isometry tr n T ~ tr n Q of hermitian vector bundles. Hence if x € QC n (X) is isometrically 
equivalent to a degenerate element, then ch n (x)p = 0. 

Consider a sequence of morphisms of complex algebraic manifolds: 

x l\ Xl H---hx r . 

Then for a hermitian vector bundle J- on X r , (fx,... ,f r )*J- is isometrically equivalent 
to a degenerate element if r > 2, since all the maps in (fx,... ,/r)*-^ 7 are isometries or 
the zero maps. More generally, for an exact hermitian cube J- on X r , (fx, • • • , fr)*J~ is 
isometrically equivalent to a degenerate element if r > 2. Hence we have the following: 

Proposition 3.7. Consider the maps of complex algebraic manifolds with closed subman- 
ifolds 

(X;Yx,...,Y r ) 4 (T,Dx,...,D r )A(S;Ex,...,E r ). 
Take x = (xj) G QC*(El) and J C {l,...,r} with |J| = n. Then F m ' n (x)j for 

\I\=m 

n — m > 2, g m ' n (x)j for n — m > 1, and <P m,n (x)j for any m and n are isometrically 
equivalent to degenerate elements. Hence 

cK(F m > n (x)j) ¥ = ifn-m>2, 

cK(g m > n (x)j) P = ifn-m>l, 

ch.*(<P m,n (x)j)p = for any m and n. 

Proposition 3.8. For 

x = (xj) £ QC n (X xD r ;Xx dU T ) = ®QC n+{Il (X x D/), 

let 

ch n (x) = ^(-l)il J KI / l +1 ) +f -| J l +S/ ch n+ | I |(x J ) P € eVf- r - n (X,p), 
i p ' 

where \I\ is the cardinarity of I and EI is the sum of elements of I. Then 

ch* : qd*(x x n r -,x x da r )[ r ] ®t^*(x,p) 
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is a map of chain complexes. Hence it induces a map 

ch n = 0chP : K n (X xn r ;Xx 8D r ) Q -> ®H%~ n ~ r {X, R(p)). 
p p 

Proof: Let . . . , i r -\i\} be the complement of I with i\ < ■ ■ ■ < i r -\i\ and = IU{ii}. 
Then Prop. 3. 5 implies that 

4eh„(x)=^ r ^ l (-l)^ |/|(|/|+1)+r|/|+S/+ 'ch n+|/| (x / |xx^)p 
I 1=1 



+ ^ ( _i)lm(i/i+i)-H-m+^+r-w ch n+m _ 1 (ax / ) P . 



7 

If we write J = I l = {j u ... ,j^} with ji < . . . < and i t = j k , then i l =j k = l + k-l 
and £1 + / = £J - fc + 1. Hence 

4 Ch n (.) = £ Ch n+| J| . 1 (, J . fc} b Cj ) P 

J fc=l 



+ £(_i)il ch n+|/hl (9x 7 ) P 

=(_!)»■ ^(_l)3l J KI J l+ 1 )+ r l J l+ EJ 



I 

J 

\J\ \ 
(-1)\ J \ ch n+lJhl (dxj) ¥ + ^(-l)^ 1 ch n+lJhl (xj^ {lk} \ XxDj ) P . 

k=l J 

On the other hand, the definition of the boundary map of the total chain complex of the 
S-complex QC*(X x D r ;X x dU r ) together with Prop.3.7 implies that 

ch n+ |j|_i ((dx)j) v 

\J\ 

= (-1)I J I ch n+ | J |_ 1 (ax J ) P + (-1)I J I ^(-l)*- 1 cK + \J\-l{xj- {jk} \xx Dj )v. 

k=l 

Hence (— l) r d s ch n (x) = ch„_i(<9x), which completes the proof. □ 

Let / : X —■ Y be a morphism of proper complex algebraic manifolds. It follows from 
Prop.3.7 that that the diagram 



QC.(y xLT;y x0LT)[r] ©D^p*(y,p) 



ch* 

P 

/* 

ch* 



p 
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is commutitive. Hence the diagram 

K n (Yxn r ;YxdO r ) Q QH^'^Y, R(p)) 

p 



ch„ 



r 



K n (X xO r ;X x <9LY 



is also commutative. 

The proposition below can be easily verified. 



/* 



p 



Proposition 3.9. The diagram 



(X) 



■'x 



ch, 



* QC*(^ X LT;X x 0LT)[r] 

ch* 



p p 
is commutative. In particular, the diagram 

K n+r (X) Q K n (X x LT; X x dU r 




chS 



H$>- n - r (X,W(p)) 



is commutative. 



4. Chern form of a hermitian vector bundle on an iterated double 



4.1. Hermitian vector bundles on an iterated double. In this subsection we will 
introduce a scheme called iterated double and construct a theory of Chern forms of her- 
mitian vector bundles on it. Let X be a scheme and Yi, . . . ,Y r closed subschemes of X. 
Denote by D(X; Y\,..., Y r ) the iterated double defined by Levine in jLej. As a topological 
space, it is a union of 2 r copies of X indexed by the set of all subsets of {1, ... , r}. To be 
more precise, if we denote by Xj the closed subscheme corresponding to I C {1, . . . , r}, 
then 

D(X;Y 1 ,...,Y r ) = (J Xj, 

/C{l,...,r} 

and for any j £ /, Xj is glued with -X/u{j} along Yj transversally. 

Definition 4.1. Suppose that X is a complex algebraic manifold and that Y\, . . . ,Y r are 
closed submanifolds of X. Let T be a vector bundle on the iterated double D(X; Y\, . . . , Y r ). 
A smooth hermitian metric h = (hi) on J 7 is a family of smooth hermitian metrics hi 
on the restrictions T\xj such that h^y^ = ^iu{j}|ij f or an V 3 & I- A smooth hermitian 
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metric h on F is said to be smooth at infinity if each hi is a smooth at infinity metric on 

Proposition 4.2. If D(X; Yj_, . . . , Y r ) is quasi-projective, then any vector bundle J- on 
D(X; Y±, . . . , Y r ) admits a smooth hermitian metric which is smooth at infinity. 

Proof: As shown in |Fu| §3.2], for any vector bundle T there is a morphism (p : 
D(X; Y%, . . . , Y r ) — ► G to a projective manifold G and a vector bundle Q on G such that 
ip*Q ~ T . If we choose a smooth hermitian metric h on Q, then the pull-back metric <p*h 
on T is smooth at infinity. □ 

Let X be a complex algebraic manifold and assume X to be projective. Consider the 
normal crossing divisor 

X x dU r = X x D x + ■ ■ ■ + X x D r d X xU r 

introduced in §3.6. Let T = D(X x D r ; X x d\3 r ) be the associated iterated double. Then 
T is quasi-projective, because it is isomorphic to X x D(\D r ; <9D r ) and D(\D r ; d\D r ) is affine 
and of finite type over C. Hence it follows from Prop. 4. 2 that any vector bundle on T 
admits a smooth at infinity metric. 

Let (X x n r )/ C T be the irreducible component corresponding to I C {1, . . . ,r}, and 
ij : X x □ r — > T the embedding onto (X x □ r )/. Let J 7 be a hermitian vector bundle on T 
with a smooth at infinity metric. Consider the alternating sum of the Chern form of %%T: 

ch T)0 (^) = ^(-l) 171 cho(^) G (BT) 2 A p - r (X,p). 
I p 

Then the isometry (5j)*ijJ- ~ ^ or an y ana ^ f° r i = or oo implies that 

5Ach'r j o(J r ) = 0. Hence d s ch.T,o{J~) = 0. The form ch.Tfi{F) is called the Chern form of 
T. 

Let 

£ : -> T-\ -» T ->■ T\ -> 

be a short exact sequence of hermitian vector bundles on T with smooth at infinity metrics. 
Then as shown in [BWl Def.3.8], the metric on the transgression bundle \x\i\i\E ) is smooth 
at infinity, therefore we have 

chl(iJf) P = ch (tr 1 (A^)) P G ©B^-^^p). 

p 

Let 

ch T)1 (£) = Vl-l) 1 ' 1 chx^p e ©D*p r - 1 (X,p). 
/ p ' 

Then the isometry (<5*)*i|£ ~ ((J*-)*^^^.^ for any j £ I and for i = or oo implies that 
<5ac1it,i(£) = 0. Hence 

d s ch T ,i(£) = (-l) r <5 P ch Tjl (£) = (-If (ch T)0 (^-i) + ch T , (^i) - ch Tj0 (To)) . 

The form chyi(£) is called the Bott-Chern form of 8. 

Summing up the results obtained in this subsection, we have the following: 
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Theorem 4.3. The Chern form cb^o (•?"") °f a hermitian vector bundle F on T with a 
smooth at infinity metric is d s -closed. Moreover, for a short exact sequence 

6:0^ 7-i T -> ~T\ -»■ 

of hermitian vector bundles with smooth at infinity metrics on T, 

ch T ,o(^"-i) + ch Tj0 (J"i) - ch T) o(J"o) = (-l) r d s di Ttl (£). 

In particular, the element of the Deligne cohomology represented by chr 5 o(-T) is independent 
of the choice of metric, and it induces a map of abelian groups 

ch Tj0 = ech?, : K (T) ®H%>- r (X,R(p)). 

4.2. Relations with the Beilinson's regulator. Let 

Tj = U (X x n r )/ C T 

for 1 < j < r, and ij : Tj ^ T the closed embedding. Define a morphism pj : T — >■ Tj as 
follows: For any / C {1, . . . ,r} with j £ J, Pjlpfxcr), and Pj|(xxD'-) /u{; ,- } are given by 

p^Xxn-), : (X x LT)j 4 (X x LT) Ju{j - } C Tj, 
Pj\(Xxnr) IU{j} ■■ (X x □ r ) /u{j - } 4 (X x □ r ) /u{j - } C Tj. 
Then pj satisfies pjtj = Id^, and Pj(Ti) = T{ n Tj, therefore we have maps of K-groups 

tf„(T; Ti, . . . , Tj_i) ±5 K^Tj-Ti n Tj, . . . , Tj_i n Tj) 

which satisfy = Id. Hence tj is split surjective, and the canonical map 

tf„(T; Ti , . . . , Tj) — »■ if*(T; Ti, . . . , T^i) 

is split injective, and the canonical map 

(4.1) K*(T,T u ...,T r )^ K*{T) 

is splitting injective. 

Let us now apply the results obtained in §2 to the maps of C-complexes 

p* 

Q £Ait (r . Ti> _ _ _ ? r j ^ QC Alt (T,; Ti n Tj, . . . , Tj-i n Tj). 

'i 

It follows from Prop. 2. 20 that there is a homotopy from the identity to i*jP*j, and Cor. 2. 16 

says that QC Alt (T; Ti, . . . , Tj) is isomorphic to the simple complex of i*y Hence Prop. 2. 6 
says that there is a left inverse map up to homotopy of the canonical map 
QC^\T; Ti, . . . , Tj) -> QC Alt (T; T u ..., Tj_i), which we denote by 

tj : QC Alt (T; T u . . . , T^x) -> Q(7 Alt (T; T 1; . . . , Tj). 

The description of the map tj given in Prop. 2. 6 together with Prop. 3. 7 implies the follow- 
ing: 
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Proposition 4.4. Take an element 



^Alt 

JC{1,...J-1} 



x = ( Xl )e e QC^JTj 

\I\=m 



and consider its image by the map 

\I\=m \J\= n 

/c{i,...j-i} / <;i ./! 

If m < n, then t^' n {x)j is isometrically equivalent to a degenerate element. On the other 
hand, 

tj ' (X),J = XJ -pjLjXj. 

Corollary 4.5. Let 

q : QCt l \T- T u . . . , T r ) -> QC\ Alt (T) 

be the canonical map, and 

t = Mr-i ■■■tf. QC^ lt (T) -> QC^ lt (T; T l7 ...,T r ). 

Then t is a left inverse map of the map q up to homotopy. For x G QC^ lt (T), t 0,n (x) is 
isometrically equivalent to a degenerate element ifO<n, and 

t°'°(x) = (l-pX)---(l-plLl)(x). 

Let 

t:K {T) Q ^ KoiT;^,...,^, 
q : Kq(T;Ti, . . . ,T t )q -> K (T)q, 

be the maps given by t and q respectively. Note that q agrees with the map (|4.ip and t is 
a left inverse map of q. Cor. 4. 5 says that 

qt=(l- p*X) ■■■(!- p\t\) : K (T) Q -> K (T) Q . 
Levine have shown in [Lei Thm.1.10] that the embedding 

% : {X x D r ;X x 8U r ) (T; Ti, . . . , T r ) 
induces an isomorphism of i^o-groups: 

i* % : Kq(T; Ti, . . . , T r ) K (X x D r ; X x cO r ). 

Proposition 4.6. The diagram 

K (T) Q — ^ K (T;Ti,...,T r ) Q 



F^ r (X,M(p)) if (X x □ r ;X x 8U r 



is commutative. 
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Proof. Let J 7 be a hermitian vector bundle on T with a smooth at infinity metric, and 
consider 

iftCF) G QC Alt (X x a r ;X x da r ) = ®Qd$f(X x Dj). 

Cor. 4. 5 implies that ip;(F)i is isometrically equivalent to a degenerate element if / ^ 0, 
and that 

m^)i> = m-p*X) ■ ■ ■ (i -p*AV e QC*o Alt (^ x ly). 

The commutative diagram of schemes 



(4.2) 



r>7 tj 
T — Tj T 



X x D r 

implies that —p*i*)F is isometric to (z| — ^/ujj})^ 7 as virtual hermitian vector bundles. 
Hence ^{F)® is isometric to l^^iJJ 7 and 

chg(i;t(7)) = <(,^(j=) ) = ch o(^^) = ^o(^), 

i 

which completes the proof. □ 

Prop. 3. 9 and Prop.4.6 imply the following: 
Corollary 4.7. The diagram 

K r {X)Q—^K {X x D r ;X x dD r ) Q J^— K (T;T U . . . ,T r ) Q ^ K (T) Q 



chr 



®H 2 D p - r (X,R(p)) 



ch p 

T,0 



is commutative. 



Proposition 4.8. The diagram 



Lily, Q 



Hl p - r (X,R(p)) < 



LIi T,0 



-+ K (T;T u ...,T r 



is commutative. 

Proof: Let J- be a hermitian vector bundle on T with a smooth at infinity metric. Then 

i* iq t(T) = iKl-P*X) ■■■(!- P*AW- 
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The commutative diagram (|4.2p implies that i*jqt(F) is isometric to zero as virtual her- 
mitian vector bundle if I ^ 0, and that i^qt(F) is isomorphic to XX - 1)' 7 '^^ 7 - Hence 

ch^OF)) = ^(-l) 171 chg(ijgt(7)) = E(- 1 )' 7 ' ch S(^) = ch T,o(^)> 
which completes the proof. □ 

5. Several arithmetic A-grg-ups 

5.1. Multi-relative arithmetic A'-theory. We begin by introducing some terminol- 
ogy and notations which are used in Arakelov geometry. An arithmetic ring is a triple 
(A, E, Foo), where A is a Noetherian integral domain, S is a finite set of embeddings 
A ^ C, and 

Foo : ®C = C S ^C S 

is a conjugate- linear involution whose restriction to A is the identity. Here we see A as a 
subalgebra of C s by a i-> (i(a)) te s- By an arithmetic variety, we mean a separated regular 
scheme which is flat and of finite type over an arithmetic ring. For an arithmetic variety 
X defined over an arithmetic ring A, denote by A(C) the complex algebraic manifold 

associated with the smooth algebraic variety X (g> C s over C, and by F^ : X(C) — > X(C) 

A 

the anti-holomorphic involution induced by F^ : C s — > C s . A hermitian vector bundle 
T = (J 7 , h) on A is a vector bundle T equipped with an Foo-invariant smooth hermitian 
metric h on F(C). 

For a differential form rj on A(C), the involution on the space E n (X(C)) given by 
V ^ Foo^rj) = F^rj respects the bigrading 

E n (X{C))= E p ' q (X(C)). 

p+q=n 

Hence it induces involutions on the complexes of differential forms and currents introduced 
in §3. Set 

rV*(X,p) 
T>UX,p) 



= TT>*(X(C),p) F °° =ld , 

= vux(c), p f-= ld , 

= V* P (X(C),pf°°= ld , 

= v* A jx(c), P f°°= Id , 
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and 

tT>*(X) = ®TD 2p -*(X,p), 
p 

rD A *(X) =®TD 2 ^-*(X,p), 
p 

V^(X) = (B& A p '*(X,p), 
p 

Dp,*(X) = ® ; D 2 ¥ p -*(X,p), 
p 

5a,p,*(X) = (BV 2p -*(X,p). 
p 

Note that for an exact hermitian n-cube J- on X, we have 

ch n (^) P e D P , n (X), 

ch„(J) = KP (ch n (J)p) G r£ n (X). 

We now recall the arithmetic -Ko-group of X [GS2]. Suppose X is proper over an 
arithmetic ring. Define the arithmetic Ko-group Kq(X) of X to be the abelian group 
generated by pairs {T,rj) of a hermitian vector bundle T on X with rj € tT>\(X)/ Imd?), 
subject to the relation 

+ (?i,rji) - (T ,rj-i +rji+ chi(£)) 

for any short exact sequence £ : — > T-\ — >• - ^ ?\ — > and for any rj-i,rji 6 
rDi(X)/Imdi). There is a map 

ch : £„P0 -> tD (X) 

which sends a pair (J 7 , 77) to cho(^ r ) + o?d??. 

We next recall the definition of the higher arithmetic X-groups. The original definition 
given in [Taj requires homotopy theory. But in this paper we will employ a simpler 
definition, because we only need if-groups with rational coefficient. For r > 1, define 
the r-th higher rational arithmetic K-group of X, which we denote by Kj.(X)q, to be the 
homology group of the simple complex of the higher Bott-Chern form, namely, 

K r (X) Q = H r (s (ch* : Q6*{X) -> tD*(X))) . 

Then there is a long exact sequence 

■•• -> eH^-^iXMp)) ^ K r (X) Q -> K r (X) Q ©^ p - r (X,]R(p)) ■ ■ ■ 
p p 

► ifi(X) Q tI>i(X)/Wd -> K (X) Q -+ K (X) Q -> 0. 

For r > 1, set 

£p,rP0 Q = #r (a (ch,, P : Qd(X) -»■ ©*,p(X))) . 

Since Kp : Dp )!k (X) — > tD*(X) is a quasi-isomorphism and ch* = Kpch^p, there is a 
natural isomorphism 

(5.1) K ¥ , r (X) Q -+ K r (X) Q . 
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Let us now define multi-relative arithmetic K-iheory. Let X be a proper arithmetic 
variety and suppose r > 1. Taking the Foo-invariant part of the map ch* defined in 
Prop. 3. 8 yields the map of complexes 

ch* : QC*(X x D r ;X x <9D r )[r] -> D AiPj ,(X). 

For n > 0, define multi-relative rational arithmetic K-theory of (X x D r ;X x dO r ) to be 
the homology group of the simple complex of this map: 

K n (X xD r ;Xx dn r ) Q = H n+r (s(cK)). 
Proposition 5.1. There is a canonical isomorphism 

k P , n+r (x) Q ~ k n {x x u r -x x an r ) Q . 

Proof: The commutative diagram of chain complexes in Prop. 3. 9 yields the map ^(ch^p) — > 
s(ch*), which leads to the map of arithmetic K- groups 

Kw, n +r{X)® -> X n (X x D r ;X x dLT) Q 
which fits into the commutative diagram 

► K„ +r+1 (X) Q ► ©^§'- n - r - 1 (X,R(p)) 

v 

id 

• •• ► K n+1 (x xn r ;X xdn r ) Q ► ©frg , - n - r - 1 (x,R(p)) 

p 

> Kp, n+r (X)q > K n+r (X)Q > ■■■ 

► K n (X x D r ; X x d\3 r ) Q > K n (X xU r ;Xx d\3 r ) Q > 

The proposition follows from this diagram and the homotopy invariant property of K- 
theory. □ 

5.2. Arithmetic K-group of an iterated double. In this subsection we will define 
arithmetic ifo-group of an iterated double T = D(X xD r ; X x <9D r ) when X is a projective 
arithmetic variety over an arithmetic ring. 

Definition 5.2. Define arithmetic K^-group Kq 4 (T) of the iterated double T to be the 
abelian group generated by pairs (J 7 ,?)), where T is a vector bundle on T with a smooth at 
infinity metric andrj € T>& j n> tr+ i(X)/Imd s , subject to the relation 

(T-i,v-i) + {Ti,m) - {T ,v-i + m + (-irch T ,i(£)) 

for any short exact sequence £ : — s> T-\ — > Tq — > T\ — > and for any 77-1,771 € 
I>A,p,r+i(^)/Im d s . 
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There is a surjective map 

C : K$*(T) -> K (T) 
which sends [(J 7 , rf)] to [J 7 ]. It is easy to see that it satisfies the exact sequence 

V ir+1 (i)/i m( i s £ M Cn ^ ^o(T) -> 0. 

Definition 5.3. 5?/ Thm.4-3 we can define a map 

ch T , : K™(T) ©A.p.rPO 
which sends (J 7 ,?)) to chy (^) + ^s 7 ?- 

K (T) = Ker (ch T , : ^(T) -> D A> p,rP0) • 
Moreover, define Kjf (T\T\, . . . ,T r ) to be the cartesian product of the diagram 
K™{T) K (T; Ti,...,T r ) 




K (T). 

In other words, K^(T; T u ...,T r ) is a subgroup of K$*(T) given as follows: 

K^{T-T U ...,T r ) = {x€ k^(T);C(x) € Im(^o(T;Ti, . . . ,T r ) K (T))} . 
Finally, let 

K (T; T 1 ,...,T r ) = K M (T; T u . . . , T r ) n K {T) C K^(T). 
Let us recall the maps 

t : QC, Alt (T) -> ®6^ lt (T; T u ..., T r ), 
q : QCf lt (T; T u . . . , T r ) -> QC Alt (T) 

given in Cor. 4. 5. In the same way as in the proof of Prop. 4. 8, we can show that 
ch.T,i{qt{£)) = chr,i(£) for any short exact sequence £ of hermitian vector bundles on 
T. Hence we obtain a map 

qt : K™{T) -> K**(T) 

which sends [(J 7 , rf)] to [(qt('F), rf)]. It is obvious that the image of this map is contained in 
K^(T; Ti,...,T r ), hence it induces 

(5.2) t:K^{T)^k^ I {T-T 1 ,...,T r ), 
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which turns out to be a splitting map of the inclusion Kq (T;Tx, . 
Prop. 4. 8 implies that 



.,T P ) C K^(T). 



qt 



K™{T) 



^A,¥,r(X) 

is commutative. Hence the map (|5.2p induces 

t:K G {T)^K Q {T-T 1 ,... : T r ), 
which is also a splitting map of the inclusion Ko(T;T\, . . . ,T r ) C Kq(T). 

Proposition 5.4. The embedding 

i $ : {X x U r -X x 8U r ) ^ (T; T 1} . . . , T r ) 

induces a surjection 

?| : Aq(T; Ti, . . . , T r ) Q -» £ (* x D r ; X x <9n r ) Q 
which fits into the commutative diagram up to sign: 

(BHl p - r -\x,R(p)) ► K {T-T u ...,T r )® 

Id 



ir5 , " r ~ 1 (X,R(p)) > K (X xU r ;X x dU r 



c 



■+ K (T;T u ...,T r ) 



Id 



->■ i^ (^ x D r ;X x 5D r )Q ► 0^ p_r (X,M(p)). 



Proof: For a short exact sequence of hermitian vector bundles £ : — )■ — >■ .Fo — > 
— > on T, consider the element 

(^(£),0) E QC\ Alt (X xD r ;Ixffi r )e D AiP)r+2 (X) = s(ch*) r+1 . 

Then we can show in the same way as in the proof of Prop. 4. 6 that da.\{ip:{£)) = chT,i(£ )• 
Hence 

(-iyd(c 9 t(E), o) = (dip(£), (-iy c^iipil))) 

= (*0*(^-i) + *5t(^i) - *0*(^o), ("l) r ch T ,i(5 )). 

Therefore 

(T,rj) ^ (»S*(^), -??) e QC (x x n r ; x x dn r ) e © AiP/r+1 (x) = s (ch*) 
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gives rise to the map 

(5.3) i*i:i M (T)^s(ch t ) r /Ima 
The equalities 

d%t(T), -rj) = (0, ch (ip(T)) + d s rj) = (0, ch Tfi (T) + d s r,) 
imply that the map (|5.3p induces 

(5.4) i*i : k (T) K (X x D r ; X x 0LT)q. 
Define the map to be the composite 

% : ^o(T;T l5 ... ,T p )q C Xo(T)q S K (^ x D r ;X x 0lT) q . 

The commutativity of the diagram is easily verified, and the surjectivity of i^ follows from 
the commutative diagram and the bijectivity of i% on K- groups. □ 

Summing up the results in this section, we obtain the following sequence of maps of 
arithmetic -ftT-groups: 

T* 

k r (x) Q ~ k w>r (x) Q ~ k (x xD r -,xx dn r ) Q I- k (T-,Ti, . . . ,r r ) Q £ k (t) q . 



6. Arithmetic Chern character of a hermitian vector bundle on an 

iterated double 



6.1. Simple complex of a diagram of complexes. In this subsection we will introduce 
simple complex associated with a diagram of complexes [BF[ §1]. Let 



V 



D 



B 



2 \ 



Si h, 

2 



be a diagram of chain complexes. Consider the map 

if : A\ © A\ B\ © Bl 

defined by 99(01,02) = (/i(ai) —51(02), f 2(0-2)) ■ Define the simple complex associated with 
V, which we denote by s(X>)*, to be the simple complex of (p. To be more precise, 



s{T>)n — A n © A 2 n © -B^_|_i 
and if we write an element of s(T>) n in the way that 

/ h b 2 \ 



B: 



n+l 



,ai Q2 
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then the boundary map is given by 

/ h b 2 \ _ ( /i(ai) -gi(a 2 ) - <%i / 2 (a 2 ) - db 2 \ 
\«i a 2 / \dai da 2 J 

Proposition 6.1. [BF, Cor. 1.16] If gi is a quasi-isomorphism in the above diagram T>*, 
then there is a long exact sequence 

...-»• H n (s(V%) -»• H n (A\) -> H n ^(Bl) -»• H n ^(s{V),) 

6.2. Cubical higher Chow groups and higher arithmetic Chow groups. In [Go 

Goncharov constructed a map from the simplicial cycle complex to the complex of currents 
r2)|j(Jf,p), and defined higher arithmetic Chow groups as the homology groups of the 
simple complex of this map. Afterward, Burgos, Feliu and the author constructed in 
[BFT] a similar map by using the cubical cycle complex. In this subsection we will recall 
their construction. 

First we recall the cubical cycle complex. Let X be an equidimensional variety defined 
over a field. A closed subscheme of X x CT is said to be admissible if it intersects properly 
with X x Dj for any I C {1, . . . , r}. Denote by Z P (X, r) the Q-vector space generated by 
all admissible and integral subschemes of X x □ r of codimension p. Then the cocubical 
scheme structure on (□*) defined in §3.1 induces the maps 

(5°y,(6°°)*:Zr(X,r)^ZP(X,r-l), 
a* :Z p (X,r -1) ^ Z p (X,r) 

for 1 < j < r , by which (Z P (X, *), (6®)*, (5j°)*, Sj) is a cubical abelian group. Define the 
higher Chow groups of X to be the homology groups of its normalized subcomplex: 

CH p (X,r)=H r (Z p (X,*) ). 

Suppose X is a compact complex algebraic manifold. For an admissible and integral 
subscheme V C X x D r of codimension p, let 

V p (V) = n Xs ,(5yA [ttJW p ]) G t2)^(A», 

where V is the closure of V in X x (P ) r . In other words, V P (V) is the current on X 
defined by the integral 

where i : V — > V is a desingularization. 

Theorem 6.2. [BFT, Thm.7.4, Thm.7.8] The above integral is convergent. The map 

V p :Z p (X,*) ^T'D^-*(X,p) 
given by this integral is a map of complexes, and the induced map on homology 

H r (V p ) : CH p {X,r) -> H 2 p~ t (X ,R(p)) 
agrees with the regulator map of X. 
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Let X be a smooth proper variety defined over an arithmetic field. Let rT)* D (X,p) be 
the complex given by 



rV n D (X, P ) 



rV n D (X,p), n<2p 
V T^(X,p)/rD 2 nX,p), n = 2p 

Then taking the i^oo-invariant part of V v yields a map of complexes 
(6.1) V p :Z p {X^) Q ^rV 2p -*(X,p). 



Definition 6.3. Let Zp(X, *)q be the simple complex of the map (|6.ip . and define the 
higher arithmetic Chow groups of X to be the homology groups of Zp(X,*)o: 

CH P D (X,r) = H r (Z p D (X,*) ). 

It is obvious that CH P D (X, 0) agrees with the arithmetic Chow groups defined by Gillet 
and Soule in |GS1| . The natural map 

rD 2 P- r -\X,p) C T^- r -\X,p) -)« Z p D (X,r) 



gives 

if r > 1, and 



a:Hl p - r -\x,R(p))^CH P D (X,r) 



a : TV 2p - 1 (X,p)/Imd v -> Clf D (X,0) 



when r = 0. Concerning these maps the following long exact sequence holds: 

^Hl p - T -\X,R(P)) A CH P D(X,r) -> CH p (X,r) ->• F^~ r (X,M(p)) 4 • • • 
► CF P (X,1) -> rD 2p - 1 (X,p)/Imd I , A CH P D (X,0) -> CF p (X,0) -> 0. 

6.3. Another definition of higher arithmetic Chow groups. In [GSlj . Gillet and 
Soule defined intersection product in the arithmetic Chow groups. It is quite natural to 
seek for a similar product structure in their higher analogues. However, since the definition 
of CH D (X, r) involves the space of currents, it seems impossible to put a product structure 
on CH P D (X, r). Burgos and Feliu gave in [BF] another definition of higher arithmetic Chow 
groups in which one can define intersection product. In this subsection we will recall their 
definition. To do this we first introduce several complexes of differential forms. 

For an equidimensional variety X defined over a field, denote by Z p Xr the set of all 
admissible subschemes of X x CT of codimension p. We abbreviate 2.^ r to Z p if no 
confusion occurs. For a complex algebraic manifold X, set 

V* log (X xO r - Z p ,p) = Hm V* log (X xO r -Z,p), 

zez p r 

and take the simple complex 

d* z ax x a r , P ) = s ['DUX x a r , P ) -> v* log (x xa r - z p , P )) 
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and its truncated subcomplex 

tK s ,z?( x x ° r ^) = T^Z^ix x n r ,p). 

Set 

W>(X,r) = H%^(X xD r ,R(p)), 

then it holds that 

}P(I,r)^#(rI); g]Zf (Ixn»). 

Since 31" P (X, r) and tD* o z p(X x □*",]?) have cubical structures with respect to the in- 
dex r, we can obtain the normalized subcomplexes, which we denote by ^K P (X, *)o and 
tD* ~p(X x □ r ,p)o respectively. Moreover, the cycle class map in Deligne cohomology 
gives a map 

Xi : ZP(X, *)o W{X, *) 
such that xi ® R : *) <8> R -4 IK P (X, *) is an isomorphism. Set 

^J p (X,p)o = rDf ogiZ ,(Xx^,p) 
and denote by 2^,(-X',p)o the associated single complex. Then we can write any element 
of ^A P zJ(^' p )° as ((^'fr), • • • , (wo,5o)), where 

in other words, 
such that du5r = w r . 

Proposition 6.4. |BF|, Prop. 2. 13] The map 

X 2 :Diy(X,p)o^Jf p (X,*) 

defined by 

((u) r ,g r ), . . . , (w ,5o)) >-> [(w r ,5r)] 

is a quasi-isomorphism. 



Define a map of complexes 

by 

((Wnffr)v»Kso)) ^ (w r ,...,Wo), 
and denote by p the composite below: 

Let us now give another definition of higher arithmetic Chow groups [BFj. Let X be 
a smooth variety defined over an arithmetic field. Denote by !K P (X, *)q, D a ZP (X,p)o and 
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T>^ F (X,p) the Foo-invariant part of the complexes Jt p (X(C), *) , D* A ZP (X(C),p)o and 
D^ p (X(C),p) respectively. Let T)^ F (X,p) be the complex defined by 

'VIJX, P ), n<2p, 



0. 



n > 2p. 



Definition 6.5. [BFt Def.4.2] Let Z P (X, *)q be the simple complex of the diagram 

mx,*) vf^*(x, P ) 



XI 



X2 



Z P (X, : 



o- 



Define the higher arithmetic Chow groups of X to be the homology groups of this complex: 

CH P (X,r)=H r (Z p (X,*) ). 

Definition 6.6. For r > 1, define a map 

a : T)ff'\x,p)/Imd s -> r) / Im 9, 

6?/ 

— ■ ^ \( -7^ 

Then it induces a map on (co)homology: 

T 2p-r-l 







:H%>~ r -\X,R(p))^CH-(X,r) 





.0 d s (rf,Q) , 









If» 7 PGa)f- r - 1 (X ) p)o J then 

In particular, if <5a?7 p = 0, then 

0(77?) : 

",0 (dvrf,rf) 
In the case that r = 0, the canonical inclusion 

rD^-^pVlmdj) ^ S^X^/Im^ 

turns out to be an isomorphism. Hence it follows from Prop. 6.1 and Prop. 6. 4 that there 
is a long exact sequence 

-> fl"g , " r " 1 (X J R(p)) A CH P {X,r) -> CH p (X,r) -> ffg'- p (X J R(p)) A • • • 

► C7P(X,1) -> TD^-H^pJ/Imda, A C# P (X,0) -> Ctf p (X,0) -> 0. 
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Let us compare two chain complexes Zp(X, *)q and Z P (X, *)q. The quasi- isomorphism 
K = ka,p '■ ^\p(X,p) — > tT>* d (X,p) defined in §3.4 induces a map of complexes 

Let 

9 : W(X, *)o {X1 ^T 2P(X, *) ® M ^ rD^*(X,p), 
which is also a map of complexes. For 9i G r2)g7'" +i ~ 1 (X x □*- ZP,p), ^•7TpWj is locally 
integrable on X x (P 1 )* such that 

(6.2) dviTx*[gi • vrpWj] = n x *[(hgi • TTpWi] + (-l)^ 1-1 -^^^ • vipWi-i] 
if i < r, and 

(6.3) dl)7rx*[5r • TTpW r ] = nx*[ d D9r • 7TpW r ] - 7Tx*[5aSV • 7rpW r _i] - 

by [BFTl Prop.7.5, Prop. 7.6]. In the above, z G ZP(X, r) R is the unique element 
satisfying ( X i = in ?C p (X,r). 

Proposition 6.7. Assume r > 1. Define a map 

^:^-;(X,p) ^rD^- 1 (X,p) 

6?/ 

r 

ip((u r ,g r ), (w 0) ffo)) = ^Z 71 "**^ * ^p^*]- 

i=0 

T/ien 

V>4 + cZdV* = up - 0X2- 
Proof: Let a = ((w r ,ff r ), . . . , (wo,#o)) G ^zJC^'PV Then b Y <E2D and (JB3D, 

r r 
d D V(a) = ^7Tx4^ • TTjWi] + ^(-ly+^Trx^ASi • ^Wi-l] - P P (z), 
i=0 i=l 

where z G Z P (X, r)o ®M such that (xi = [(w r ,g r )] = X2(a). Moreover, 

r-l 

^d a (ot) = ^Tix*[{^i ~ d-DQi + (-l) M+1 ^A5i+i) • KpWi], 
i=0 
r 

Kp(a) = ^2 nx*[ui • TTpWj]. 
i=0 

Then 

da>^(a) + z/>d s (a) - K P (a) = -V v {z) = -9{ X i <8> K)(z) = -0X 2 (a), 
which completes the proof. □ 

It follows from Prop. 6. 7 that the map 

r :Z p (X,*) ^Z p D (X,*) 
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given by 

\y a J 

is a map of complexes which fits into the commutative diagram 

••• ► H%- r -\x,R(p)) CH P (X,r) 

Id 

► Hl p - r -\X,R(p)) CH P D {X,r) 



-> CHP(X,r) > H^- r (X,R(p)) — 



id 



D 

Id 



> CHP(X,r) ► iZj p - r (X,K(p)) — ^ ••• 



This leads to the following theorem: 
Theorem 6.8. When r > 1, 



A : CH P (X,r) -> CH P D (X,r) 



is an isomorphism. 



6.4. Chern character of a vector bundle on an iterated double. Let X be a smooth 
projective variety defined over a field. Consider the associated iterated double T = D(X x 
□ r ;X x <9CT) and a morphism <p : T — > G to a smooth projective variety G. For any 
Jc{l,...,r}, denote by pj : JxD r G the restriction of p> to the irreducible component 
corresponding to /. Let Z^(G,n) be the subgroup of Z p (G,n) such that x G Z$,(G,n) if 
and only if we can take the pull-back cycle of x by the morphism 

x x d,j x d k ^ x xa r xa n w 4 Id g x lt 

for any I,Jc {1, • • • , and -ftT C {1, . . . , n}. The moving lemma [Hal Thm.1.3] says that 
the embedding of the normalized subcomplexes 

is a quasi-isomorphism. 

Let J 7 be a vector bundle on T. Then we can obtain a morphism p : T — > G to a 
smooth projective variety G and a vector bundle Q on G such that ~ F |Ful §3.2]. 
Let y € Z^(G) be a cycle representing the p-th Chern character chp(£/) € CH P (G), and 
let us denote 

<P*(y) = Y,(- 1 ) ]I]( pXy)£Z p (Xxo r ). 

I 

Since p*j(y)\ {Zj=i} = <P* IV}{j }{y)\{zj=i} for any I C {1, ... , r} with j £ / and for i = or oo, 
it holds that (5j)*ip*(y) = 0. In particular, tp*(y) G Z P (X, r) such that dp*(y) = 0. 
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Theorem 6.9. The element [ip* (y)] G CH p (X,r) depends only on T , and is independent 
of the choice of morphisms (f, vector bundles Q and y G Z^(G). Hence in what follows we 
denote 

[<p*(y)]=d% fi (T)eCH p (X,r). 

Proof. First we show the independence of the choice of y G Z^(G). Let y' G Z^(G) be 
another element representing c!iq(C/) G CH P (G). Then there is an element w G Z^(G, l)o 
such that dw = y — y' . Let 

¥>*M = ^(-i) |7| ^H e z p (x x n r ', l). 

By the identification 

(X x LT) x D 1 ~X x lT +1 , ((x,z 1 ,... 1 z r ),z') i-> (x, zi, . . . , z r , z'), 

we can see (f*(w) as an element of Z P (X x \H r+1 ). Since ^J(t(;)|{^. =i } = V^uijifV)!^.,^} 
for any / C {1, . . . , r} with j tfi I and for i = or oo, p*(w) G Z P (X, r + l)o such that 

dtp*(w) = (-l) p+1 (*° + i)V» = (-l) r+ VG/) - ?V))- 

Hence [p*(y)] = [99* (y')] in CH p (X,r). 

We next show the independence of the choice of (p : T — > G and vector bundles Q. 
Let ip' : T — > G" be another morphism to a smooth projective variety G' and £/' a vector 
bundle on G' such that there is an ismorphism ip'*Q' ~ T . Then as shown in [Fu[ §3.2], 
there is a commutative diagram of morphisms 

T 





G' ^ G" G, 

where G" is a smooth projective variety on which there is an isomorphism tp*Q ~ ip'*Q' 
which admits the commutative diagram of isomorphisms 

v*G tp"*ip'*g' ^— <f/*g' 




Hence we may assume that G = G" and ip = Id, that is, there is a morphism ip : G — > G' 
such that ip*Q' — Q and <p' = ipp. 

Set Zl^iG') = Z?(G') n Zfy{G'). Then there is a cycle y' G Z^(G') representing 
chg(C/') £CH p (G'). Moreover, we can take the pull-back cycle y = ip*(y') G 2%(G) which 
represents chg(£) G CH P (G). Then = <f/*(i/f*(j/)) = f'*{y') in ^(X,r) . This 

completes the proof. □ 

Theorem 6.10. The above correspondence J- 1— > [v*(y)] ffwes a map of abelian groups 

ch p TO :Ko(T)^CH p (X,r). 
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Proof. We have only to show that 

ch^ (J"_i) + ch^ (J 7 i) = ch^ (7" ) 

for any short exact sequence — > T-\ — > J-q — > T\ — > of vector bundles on T. We can 
show this equality in the same way as the proof of Thm.6.9, mimicking the argument in 
PSl §3.2]. ' - ' n 

Definition 6.11. Composing the map cIt^q with the sequence of maps 

K r (X) ~ K (X x LT; X x dn r ) ~ A (T; Ti, . . . , T r ) C K (T) 
given by Levine in |Le| . we can define a map 

ch p : A r (A) -> CH p {X,r). 



Remark: The author do not know if the map defined above agrees with the higher Chern 
character map. However, we will show later in Thm.7.4 that the composite of ch^! with 
the regulator map 

CHP(X,r)^Hl p - r (X,R(p)) 
agrees with Beilinson's regulator. This is a strong evidence that these two maps agree. 

6.5. Arithmetic Chern character of a hermitian vector bundle on an iterated 
double. In |Bu2j Burgos extended the definition of arithmetic Chow groups to open 
varieties, and to this end he gave another definiton of Green forms. We begin by recalling 
his construction. 

Let X be a complex algebraic manifold X. The space of Green forms of codimension p 
is defined as the truncated cohomology groups of Deligne complexes as follows: 

GE?{X) = H p (V* log (X,p), V* log (X - Z p ,p)). 

For any subset Z p C Z p , set 

GE p zl {X) = H p (V* log (X,p),V* log (X - Z p ,p)). 

Any element of GE P (X) (resp. GE I ^ P {X)) is given by a pair (ui,g) of a; € TT>f p g (X, p) with 

g G rDgr 1 ^ - Z p )/Imd v (resp. g G rD^ -1 (X - Z£)/Imd D ) such that u = d v g. 

For an arithmetic variety X defined over an arithmetic ring, let us denote by 
CH P {X,V{E{ Qg )) the arithmetic Chow group of X by means of GE P (X) [Bu2l §7]. Note 

that when X is a proper arithmetic variety, CH P (X, D{E^ og )) is canonically isomorphic 
to the arithmetic Chow group originally defined by Gillet and Soule in [GS1| , since in this 
case the definition of arithmetic Chow groups does not depend on the complexes where 
Green objects lie. 

Let A be a smooth projective variety defined over an arithmetic field, and T = D(X x 
□ r ;A x cG r ) the iterated double. For a morphism ip : T — > G to a smooth projective 
variety and for a differential form uj on G, let us write 

^M = £(- 1 )'V("). 
i 
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Since (p*j(uj)\ {Z]=i} = ip* u{j} (uj)\ {Zj=i} for any I C {1, . . . ,r} with j <£ I and for i = or 
oo, ip* (ui) is normalized such that 5aP*{u)) = 0. 

Let J 7 be a vector bundle with a smooth at infinity metric on T. Take a morphism 
ip : T — > G to a smooth projective variety G, a vector bundle Q such that J 7 ~ (p*G, and a 
cycle y G Z P (G) representing c1iq(C7) € CH P (G). Given a smooth hermitian metric h on £/, 

we obtain the p-th arithmetic Chern character c\\ {Q) G CH P (G,'D(E* og )) of G = (G,h). 
Take a Green form (cj,g) G GE z p(G) associated with y in the sense of |Bu2[ §5] such that 

the pair (y, (u),g)) represents ch (P). 

Let g G tD^ _1 (G — Z^,p) be a lift of g, and let us denote 



Then 5&((p*(u), tp*(g)) = and Xi(y*(y)) = X2(y*( w )> <P*{9))- Moreover, if we take the 
iPt p)-paxt of the Bott-Chern form 



Definition 6.12. Let Z P (X, r)g be the subgroup of Z P (X, r)o defined as follows: 



(^M,^( 5 )) = ((^H,^( 5 )),(o,o) 



...,(o,o))GDf;-;(x,p)o- 



ch^^j-, = ch^^j- 4 -»• o) g v*£ r -\x,p), 



then 




Then Imd C Kerd C Z p (X,r)Q, and the quotient group Z P (X, r)g/ Im d can be expressed 
as a homology group of a chain complex. In fact, if we denote 




n < r, 
n > r, 



then 



( 



n p (x,*) 






\Z P (X,*)o 



,2p-* 



(X,p)o 



J 



A,Z P X 



Consider the element 




Since 



(6.4) 
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it holds that d(F,<p,G, (y, (u,g)) G ZP(X,r)* . 

Theorem 6.13. In the quotient group, 

[cl] = [cl(T,<p,g, {y,(u,,g))] G Z*(X,r)* Q /Imd 

depends only on T , in other words, [cl] is independent of the choice of <p,G and (y, (uj,g)). 

Proof: First we show that [cl] is independent of the choice of representatives (y, (oj,g)) 
of ch (C?) and lifts g of g. Fix a morphism tp : T G and a hermitian vector bundle Q 
such that ip*Q ~ T . Denote by 2^ jTl the set of admissible subschemes of G x such that 
^ G 2^>, n if and only if we can take the pull-back cycle of [Y] by the morphism 

X x Dj x D K X x D r x ^ d GxD" 

for any /, J C {1, . . . , r} and for any if C {1, . . . , n}. Let T>* %v (G x □",£>) be the 
simple complex of the restriction map 



V* log (G x U n ,p) -> Dr og (G x LT - 2$ jn)P ) 



and 



the truncated subcomplex. Moreover, set 

T 2p 



%(G,n) = H^JG x D n ,R(p)) = H^(rV* og ^JG x D n ,p)), 

K^G, P ) = rVl gK JGxn-, P ). 

These complexes have cubical structures with respect to the index n, hence we can obtain 
the normalized subcomplexes, which we denote by JC^(G, *) and 2)^'~p (G,p)o respec- 
tively. Let T)* AZ p(G,p)o be the single complex associated with D^~p(G,p)o- Finally, let 
Zfp(G, *)o be the simple complex of the diagram 

Xl / \ X2 p 




Z%(G,*) 



< z -;(g,p) , 



where the maps xi, %2 and p are defined in a similar way to the definition of Z P (X, *)q. 
We should note that in the definition of this complex we use V 2 ^~*(G,p), not D^ p p *(G,p). 
Consider the commutative diagram 



Xl 



Jip(G, ■ 



X2 



ZP(G, *) — W(G, *)o ^ L 
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The left vertical arrow in the diagram is a quasi-isomorphism by the moving lemma. 
Moreover, as shown in |BF} Prop. 1.31, Prop. 2. 13], the maps X2 and xi ® K on the both 
lines are quasi-isomorphisms. Hence all the vertical maps are quasi-isomorphisms, which 
implies that the natural map 



2%(G,*) ^Z*(G,*) 



is also a quasi-isomorphism. 



Take another representative (y 1 , {oj 1 ',</)) of ch (£/) and a lift g of g'. Since the map 



CH (G, -> CH y {G,0) 



given by 



[(y, (u,g))] h-> 











is an isomorphism [BF, Thm.4.8], we can obtain an element 

/ Po /3i X 



.y (u,g) 

ain an elen 
€^(G,1) 



such that 

/ 

\y-y' (u - J ,g - g) 
Consider the morphism 

Id xT 



d 



X x LT x D n ^ d G x D n , 



: X x D r+n = X x D n x □ 
where T is the map given by 

□ n x D r -> D r x D n , (a, 6) ^ (6, a). 
Then the maps (<p T )* which send x to XX - 1) (V/)*^) form the commutative diagram 



Z$(G, *) - 



Mtp{G, *) 



(¥> T )* 



K p (g,p) 



ZP(X, * + r) 5CP(X, * + r)„ -;- r (X,p) c 



2p— *— r 



The vertical arrows in this diagram are maps of complexes except the right one at * = 1. 
Hence 



a 



(</)*(/3 ) (v T T(h)\ 
\^ T T(z) (ip T )*(a) J 

( o o N 

~W(y)-^(y') (p>)-?V)VG7)-pV)) , 
which shows that [cZ] is independent of the choice of (y, (ui,g)) and lifts of g. 
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We next show that the class [cl] is independent of the choice of metrics on Q. To do 
this we need the following lemma: 

Lemma 6.14. Let 6 be a short exact sequence of hermitian vector bundles on G, and 

ch?(£) = Mch?(£) P ) G tV 2 p-\G, P ). 
Then in D^ p (X, p) the difference 

ch^i^S) - (-l)V ch?(£) 

is d s -exact. 

Proof. Note that chP(£) P e and ch?(£) € 5p P_1,0 (G,p). Since k p is a left 

inverse of the quasi- isomorphism r'D*(G,p) — > Dp(G,p), the difference ch I l(S)p — ch p (£) 
is d s -exact in !Dp P_1 (G,p). Hence there are on € Dp P+l 2 '~ t (G,p) for i = 0, 1, 2 such that 

ch^(f ) = -d?>ao + S-pai, 
ch^(<S) P = d v ai + <5 P a 2 - 

Consider G ^+ i " 2 '- r ^ i (X,p). Since (54</?*CKj = 0, 

d s ((^*a + (-l) r ¥'*ai + f*^) = dx><f*ao - <5 P <^*ai + {-l) r d^ip* a\ + (-l)' r (5py?*a: 2 

= -^*ch?(£) + (-l)Vch?(f) P 
= -^chf^ + C-lfch^^^), 

which completes the proof. □ 

Let us go back to the proof of Thm.6.12. Let Q be the same vector bundle as Q with a 
different metric. If we denote by 

ch?(g',g) = ch?(g' 

which is the (p — l,p — l)-part of the Bott-Chern form, then by |GS2i Thm.4.8] we have 



di p (g')-ch p (g) = a(ch p 1 (g',g)) 



in CH P (G,V(E* )), where 



log J 



(7 



: D^-^G.pJ/Imdoj -> CH (G, T>(E* )) 



is the map which sends h to [(0, (djjh, h))\. This means that if ch (g) is represented by 
(y, (co,g)), then c1iq(£/') is represented by (y, (w + d<j)h,g + h)) where h = c\)f[(Q\Q). Hence 

[cl{F, <p, G, (y, (w, g)))] - cl(F, ip, Q\ (y, (u + d v h, g + h))) 

( (-l) r+1 (ch^J, <p*Q) - ch p T1 (T, <p*g") 

V0 -(<h<p*(h),tp*(h)) 

A) r a (ch p T1 (T, v *g)-ch p T1 (T,v*g')) -a( v *ch p (g',g)), 
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(- If a ( ch P T 1 {F, tp*g) - ch P T 1 (T, <p*g') 



and by Lem.6.13 it is equal to 
(6.5) 

Consider the following exact hermitian 2-cube on T: 

(T — ► ^g'\ 



c\i Tl (ip*g' ,ip*g) \ . 



c 



Id 



XT 



Id 



and denote by chj, 2 (C) the component in r D^'p' 2 (X) of ch/r,2(C)- Then 
d s ch^ 2 (C) = (-l) r (5 P ch^ 2 (C) 

= (-iy (ch p T1 (T, ip*g) - ch p T1 (T, <p*g) + d^^g', p*g)) . 



This means that (16. 5p is zero. Hence we conclude that [cZ] is independent of the choice of 
metrics on g. 

Finally we show that [cZ] is independent of the choice of morphisms tp : T — > G and 
hermitian vector bundles g on G. Take another morphism tp' : T — >■ G' and a hermitian 
vector bundle g' on G 1 such that tp'*g' ~ J 7 . As shown in the proof of Thm.6.9, we 
may assume that there is a morphism tp : G — > G' such that tpip = tp' and V*^' — Q- 
Moreover, since we have shown that [cZ] is independent of the choice of metrics on £/, 
we may assume that the isomorphism tp*g' ~ g preserves the metrics. If (y 1 , (a/ , g 1 )) 
is an representative of ch ({?') such that y' E Z V ^^,{G') and g' E Dj^ -1 (G' — %F, ,,p), 

then cho(^) is represented by (tp*(y'),(tp*(oj'),tp*(g')). Moreover, the isometry tp*g' ~ 
implies that ch^, 1 (J r , <p'*G') = ch^, 1 (J r , <p*Q)- Hence it follows that [cZ] is independent the 
choice of morphisms tp : T — >■ G and hermitian vector bundles £/. □ 

Definition 6.15. VFe caZZ £Zie element 

ch P Tfi (T) = [cl(T,p,g,(y,(u,g)))} e ZP(X,r)* /Imd 
the p-th arithmetic Chern character of a hermitian vector bundle J- on T. 



7. Definition of higher arithmetic Chern character 

In this section we construct a map from the higher arithmetic iT-group to the higher 
arithmetic Chow group. First we introduce some notations. For r\ € T>^ tr (X), write 

n = J2rf, rfeV%- r (X, P ). 

v 

Similarly, denote by ch^ the component in T> 2 ^ r (X,p) of the map ch^o : K$(T) — > 
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Proposition 7.1. We can define a map 



ch.T fi :K^(T)^ZP(X,r)* /lmd 



by 



Proof: We have only to show that 

ch-T.oC^-i) + ch^o^i) = ^,0(^0) + (-l) r a(chr i i(f )) 

for any short exact sequence of hermitian vector bundles £ : — > T—\ — > ^"o ~~ ^ ~~ ^ 
on T. It is shown in |Fuj §3.2] that for such £ there exist a morphism 99 : T — > G to 
a smooth projective variety G and a short exact sequence of hermitian vector bundles 
£' : — > Q-i -> 5o 5i -> on G such that tp*£ ! ~ £. Take representatives (y, (w, y)) 
of cho(<?_i) and (y', (o/,y')) of ch (£i). Since 

cho(g-i) + cho(^i) = dxo(Qo) + a(chi(F)) 

by [GS2l Thm.4.8], chg^o) is represented by 

(y + y', (w + w' - d D ch?(^),y + y' - ch^))). 



Then 



chyo^l) 



chr.oC^o) 



(-l^ch^^!,^^ 

^*(y) {<p*(u>W{g)) , 

(-lr^chp^jx,^!^ 

(-l) r+1 ch?, >1 (Jo,^o) , \ 
^*(y + y') (^>W),^(y + y')) J 
Lem.6.13 says that cp* ch^(£"') = (— l) r chj, i(<p*£' ), therefore 



o(^ch?(f'))- 



= (- 1 ) r a (^ch T)1 (J"_i, <£*£_i) + ch T1 (J"i, - ch T1 (J" , ¥?*£o) + ch Tjl (<p*£' ) 

Consider the following exact hermitian 2-cube on T: 
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Then 

d s clr^C 7 ) = (-l) r 5 P chf, 2 (CO 

= (-if (ch^ x (f ) - ch^^f 7 ) - ^(J-i, ^rJ-i) 

+ ch^ 1 (J 7 ,</ ; '*£o) - ch^^J 7 !,^*^^ 

This implies that 

d^oC^-i) + chr.oG^l) - ^o^o) = (-l) r a(ch^i(^)), 
which completes the proof. □ 

Proposition 7.2. Suppose r > 1. Define a map 

d':ZV(X,ry /Imd^Vi p - r (X,p) 

so that 

( #x\ 

\o o y 

/or any x G Z p {X,t)q. Then the diagram 

ch P 

Kf (T) — ZP (X, r ) 1 1 Im d 



is commutative. Hence taking the kernels of chj, and d' yields the map 

ch P Tfi :K (T)^CH P (X,r). 

Proof: Let (J 7 , rf) be a pair of a hermitian vector bundle J- on T with 
77 G SA^ r+ i(l)/Im(l s . Then we have seen in fj6.4|) that 

~p — ( ch£, n (!F)\ 



Hence 



,0 / 

*^,5)])-( o ° o d *^ + 

which completes the proof. □ 
Theorem 7.3. There is a map 

civ : K r (X) Q -> CH P (X,r) 
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which makes the following diagram commutative: 

K r (X) Q ^~K (X x W-X x dn r ) Q ^K (T ] T 1 ,... 1 T r )Q—^K (T) Q 

cn T,0 

CH P (X,r). 

We call this map the higher arithmetic Chern character of X. 

Proof. We have only to show that the kernel of the surjection ijg goes to zero by the 
map 

Ko(T;T 1 ,...,T r ) Q cK (T) Q ™ CH P (X,r). 
Recall the commutative diagram in Prop. 5. 4. The exactness of the sequence 

Kx(X x a r ;X x da r ) Q -> ©F^ r_1 (X,IR(p)) -> K (X x D r ;X x 0D r ) Q 

p 

with the bijectivity of : ifoCZ 1 ; T\, • • • , T t .)q -> X (X x CT; X x <9n r )<Q implies that Ker 
agrees with the image of the composite 

K X {X x U r -X x dn r ) Q -> ©flg ,_r_1 (JC, R(p)) -)• K Q {T-Tx, . . . ,T r ) Q . 

p 

The commutative diagram in Cor. 3. 9 and Thm.3.4 imply that any element of Keri^ is 

written as [(0,77)] such that the element rj £ D^ r+ i(X)/Imd s in contained in the image 
of Beilinson's regulator 

K r+1 (X) Q -> ®H^~ r ~\x,R(p)) c T) A>r+1 (X)/lmd s . 
v 

On the other hand, recall the exact sequence 

CH p (X,r + 1) Hr+ l$ p " ) Hl p - r -\x,R(p)) -> CH P (X,r), 

which is shown in \BF\ Prop. 4. 4]. Since H r+1 (T >P ) agrees with the regulator map by [BFTl 
Thm.7.8], we conclude that ch^ ([(0, rj)]) = a{rf) is zero in CH P (X,r) if [(0,rf)) G Kerig, 
which completes the proof. □ 
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Theorem 7.4. There is a commutative diagram up to sign: 

— >- K r (X)q 



(,:-! 



m%- r -\xMp)) 



pr 



CH (X, r) 



ch 1 ' 



ch? (*) pr 

. C HP(X : r)^2H 2 D p - r (X 

ch 1 ; 



Ki(X) Q 



p 
(**) 



^CHP(X, 1) 



ch„ 



clif 



r D2p-i(x,p)/Imdi, ^CH {X,0) ^CHP(X) 



0, 



where ch p : JC r (X)Q — > CH p (X,r) is the map defined in Def.6.11, and pr is the canonical 
projection. 

Proof: The commutativity of the diagram is straightforward except (*) and (**), and 
by Cor. 4. 7 the commutativity of them follows from the commutativity of the diagram 



Ko(T) 



T,0 



CHP(X,r) 




H r (V p ) 



Hl p - r (X,R(p))- 



Let J 7 be a hermitian vector bundle on T. Take a morphism ip : T — > G and a vector 
bundle 5 on G with an isomorphism T ~ <~p*Q- Moreover, let y € Z^(G) be a cycle 
representing chg(£) G CHP(G). Then ch^ (J-) = [y>*(y)] in CHP(X,r). 

Put a hermitian metric on £/, and take the pull-back metric on T by means of the 
isomorphism T ~ y?*£7. Denote by and the hermitian vector bundles obtained in 
this way. Let (oo,g) G GE P ^,{G) be a Green form associated with y such that c\i {Q) is 
represented by (y, (ui,g)). Then since dug = uj and 5&ip*{g) = 0, it follows from (16. 3|) that 

Since to = c1iq(C7), it follows that ip*(ui) = chj, (J 7 ), therefore 

This means that V p (ip*(y)) and ^(ch^p 7 )) give the same cohomology class in 
Hp r (X, M.(p)). Since ka induces the identity on cohomology, we conclude that V p (ip*(y)) 
and chy Q (J r ) give the same cohomology class in H^~ r \X, This completes the 

proof. □ 
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8. Compatibility with pull-back maps 

8.1. Pull-back maps on arithmetic K-groups. Let / : X — > Y be a morphism of 
smooth projective varieties defined over an arithmetic field. Consider the pull-back map 



/* : QC™(Y x LT;Y x dU r ) 

defined in Prop. 2. 19. Prop.3.7 says that (/*)" 
erate element for m < n. Hence the diagram 



QC^ lt (X xD r ;IxW) 

(x) is isometrically equivalent to a degen- 



Mt( Y x LT;Y x 0LT)[r] 

r 

iAlt 



ch, 



/* 



QC* Alt (X x LT;X x 0LT)[r] D a ,p,*(X) 

is commutative. This diagram gives the pull-back map 

/* : K (Y xO r ;Yx dO r ) Q -> £ (X x LT;X x 0LT) Q . 

For two morphisms f : X —■ Y and 5 : Y — > Z, we have given in Prop. 2. 19 a homotopy <P 
from (5/)* to g*f*. Prop.3.7 says that <P m < n (x) is isometrically equivalent to a degenerate 
element for any m and n. This implies that g*f* = gf . Moreover, Prop. 2. 20 says that 
the identity morphism of X induces the identity of Q(7 Alt (X xD r ;Xx cO r ), which implies 
that Id x = Id. Since the alternating part of the commutative diagram in Cor. 3. 9 



> QCf\X x LT;X x dLT)[r] 



is compatible with the pull back maps /*, the diagram 



-t K Pt r(Y) Q 

r 



-> K (Y x LT;Y x SLY 



-> K (X x D r ;X x <9lt 



/* 

K r (X)q 
is commutative. 

Consider the iterated doubles T = (X x LT; X x <9LT) and U = D(Y x LT; y x <9LT). 
Then / induces a morphism /d : T — > U. It is obvious from the definition that the Chcrn 
form ch[/ i o(^) € D A ,P,r(Y) of a hermitian vector bundle J on [/ satisfies /* chj/^-? 7 ) = 
ch^o (fh-^ 7 ) ) an d that the Bott-Chern form ch[/;i(£) € DA,p, r +i(^) of a short exact se- 
quence £ of hermitian vector bundles on U satisfies f* ch.u : i(£) = criT,i(/|)£). Hence we 
can define pull-back map of arithmetic -KT-groups 



r D :K^{U)^K^(T) 



Mi 
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by [{F,rj)\ i-> [{f* D F, f*(v))}- Let T lt ...,T r C T and U u . . . , U r C U be the closed 
subschemes introduced in §4.2, and 

tj : Uj ^ U, Lj : Tj <-> T, 

Pj-.U^Uj, Pl :T -7) 
the morphisms defined in §4.2. It is obvious that the pull-back map defined above induces 

f* D : K™(U; U u . . . , U r ) -)■ £ M (T; Ti, . . . , T r ), 

f* D -K (U) -+K (T), 

t D :K (U-U 1 ,...,U r ) -^K Q {T-T 1 ,...,T r ). 
For 1 < J < r, consider the diagram 



Alt 



QgrAlt (T; Ti, • • • , Tj-i) — U QC Alt (Tj ; Ti D 2} , • • • , Tj_i D Tj ) . 
Then Prop. 2. 19 implies that the family of maps 

|7|=m 

for any m and n gives a homotopy 

# t : QC Alt (C/; [/!,..., -> QC^iTj; T x HTj,..., Tj_i n Tj) 

from to The diagram 

QC Alt (c/ j; c/i n [/,-, . . . , Uj-i n [/,) -^U QC Alt (f/ ; c/i, . . . , u^) 
fh 

QC Alt (T,; Tx n Tj, . . . , 2}_i n Tj) -^U QC Alt (T; T 1; . . . , Tj_i), 
is also commutative up to homotopy, and a homotopy 

$ v : QC Alt (f/ i; Ut n [/,-, . . . , n C/,) -> QC^T; T 1? . . . , 
from fjjpj to Pj/^j is given by 

*? n (x)j = {-ir E s g n (V)(^,/ D (^)-^, Pj (^))- 

\I\=m 

Moreover, let 

% : QC^\Uj; UiHUj,..., n -> QC^^-; t/i n [/,,... , n I7j)» 
!Pt : QC Alt (T,; Tx n T„ • • • , T 3 _ x D Tj) -> QC^^; Ti n T„ • • • , Tj_i n Tj) 
be the homotopies from the identity to t^p* given in Prop. 2. 20. Then we have the following: 
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Proposition 8.1. There is a second homotopy 

: Qd^iUf, UiMJ,,---, Uj-! n Uj) -> QC^Tf, Ti n 2}, ■ ■ ■ , Tj_i n Tj) 

/rom @ L p* + + to &Tfh in the sense °f Def.2.7. 

Proof: We begin by introducing a map of chain complexes of exact cubes associated 
with a sequence of morphisms 

(x 1 ; y 1;1 , . . . , y 1>r ) A (x 2; y 2>1 , . . . , y 2 , r ) A (x 3 ; y 3jl , . . . , y 3 , r ) 4 (x 4 ; y 4 ,i, . . . , y v ). 

For 1 < i < 4 and J C {l,...,r} with k J, denote by ifc the embedding 
*i,Ju{k} ^ ^,J- Define ~ KJuh j 3 : QC*(y 4) /) -> Q^*+n-m+2(^i,j) by 

0<p<<jr<r<n— m 

E ( S S n0 ")(- • • ' ^(pji/l) • • • /2, • • • , lk a{r) ,f3, ■ ■ ■)*■ 

crG6n- m 

Then we can show in the same way as the proof of Prop. 2. 12 that 



(8.1) dE KJlthth (x) + (-l) n - m+l S KJl j 2j3 {d. 



•x 



= E E S g n ( L /)"i"i'Jl,/2,/ a W 
a=l L\JL'=K 

\L\=a 

n—m 

+ E(" 1 ) a E *&{ L £')S Llh 3v,h,hV) 

a=0 L\\L'=K 
\L\=a 

n—m 

"E E S g n ( L /)"i,/lj2^L',/3(^) 

a=0 L\JL'=K 

\L\=a 

n—m— I 

+ E (-!) a E s g n ( L /)^,/ij 2 ,/3^(^) 

a=0 L\JL'=K 
\L\=a 

Denote Sg^^ = Alt * ^,/i,/ 2 ,/a : ^(^7) ^-^OV)- 

Let us go back to the proof of the proposition. Define a map of C-complexes 

: QCt lt (Uy, UxHUj,..., D Uj) QC* Alt (7) ; Ti n 7), . . . , 2}_i n Tj) 



by 



, = - £ sgn ( */) (sg/^ (*,) - Zt, jjD , P] (xi) + ^,, p , >/d (x,)) . 

K]\I=J 
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Note that Ef^ Id = 0, which we can show in the same way as Prop. 2. 20. Using the equality 
(|8.ip . we have 

(-i) n do m ' n (x)j - (-i) m o m ' n (dxj) 

n—m n—m— I 

= Y1 F"~ a ' n m '"- a (x)j + O n - a ' n F m > n - a {x)j 



0=1 
n—m 



a=0 
n—m 



(fh) n - a ' n K' n ~ a ( x )j - E (sT" a,n <^' n ~»- 

a=0 a=0 
n—m n—m 



- £ ^™(^) m - n - a (x) J+ ^ ^r a,n (/D) m,n " a (^)j, 

a=0 a=0 

which says that is a second homotopy from ^ L p* + + fp&u to ^r/^- 
It follows from Prop. 8.1 and Prop. 2.8 that the diagram 



□ 



i.2) 



fh 



^ Alt (T;Ti, ■ ■ ■ ,Tj-{) — U QC* Alt (T; r a , • • • , 2} ) 

is commutative up to homotopy. Denote by 77 j the homotopy from fptj to given in 
Prop. 2. 8. It is obvious that $T' n {x), ^p'' n (x), ^' n (x), \P™ ,n {x) and m ' n (x) are isomet- 
rically equivalent to degenerate elements for any x & © QC^ lt (Ui). Hence IlJ l ' n (x) is 

\I\=m 

also isometrically equivalent to a degenerate element. Connecting the diagram (|8.2p for 
all j, we obtain the following diagram 

QC^(U) — QC^iU-U^--- ,U r ) 



Alt 



(T) 



Alt 



(T;Ti, - ■ ■ ,T r ) 



which is commutative up to homotopy, and a homotopy from f^t to tfjj is given by 

n 

77 = £ i n • • • tj+illjtj-i • • • t\. 

3=1 

It is obvious that 77 0,ri (x) is isometrically equivalent to a degenerate element for x £ 
By Prop. 2. 19 the diagram 



Alt 



(u ; ui,--- , u r ) —=-). QC Alt (y x y x an 



Alt 



(2,2i, • • • ,T r 



r 



(X x D r ;X x SCT) 



OS 
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is commutative up to homotopy, and a homotopy from f*i$ to is given by 

& = ^i ,/ D — ^/,« - Then \P m ' n (x) is isometrically equivalent to a degenerate element 
for any x € ® QC^ 1 * (£//). Hence the diagram 



\I\=m 



Alt 



Alt 



(T) 



x n r ; y x 9n r ) 
/* 

^(X x D r ;X x <9D r ) 



is also commutative up to homotopy, and a homotopy from f*i^t to ijji/jr) is given by 

II' = + ^-/T. It is obvious that II' ' n (x) is isometrically equivalent to a degenerate 

element for any x € QC ! f Llt (L r ). In particular, ch*(i7 /0,n (;E)) = 0. 
Consider the diagram: 



(8.3) 



K 



'P 



> K (Y x \J r ;Y x dW 

f* 



» if (IxD r ;Ix5D r )Q, 



where the maps i^t are defined in (|5.4p . Let J 7 be a virtual hermitian vector bundle on ?7 
and r\ £ 2)A,P,r+iOO such that chr,o (-?"*) + <isf? = 0. Then 

r^[(^^)] = [(r^),-r(r?))], 
W^,^] = [(wm-r (??))]• 

On the other hand, since ch*(i7 /0 ' n (x)) = for any x G QC^ lt (U), 

d(n'(T),0) = (r D ip(?)-i;tt(T),0) 

in s(ch#) r . This means that the diagram f|8.3j) is commutative. Restricting (|8.3p to the 
relative iT-theories, we have the commutative diagram 



K (U;U 1} ...,U r 
Kq(T; T\,...,T r 



i* 



-> i^ (y x n r ; y x 9D r 

r 



To Sum up, we obtain the following proposition: 
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Proposition 8.2. The diagram 



<■;<) 



K r (Y\ 

r 



-> ifo(^xD r ; yxffl r )(j <-*— K Q (U-U l ,...,U r ) 



fb 



^ K (X xB r ;X xdn r ) Q K (T;Ti, . . . ,T r 



-> K {U) Q 

lb 

-> K (T)q 



is commutative. 



8.2. The main theorem. We begin by recalling the pull-back map of higher arithmetic 
Chow groups [BF| . Let / : X — > Y be a morphism of smooth projective varieties defined 
over an arithmetic field. Let Z P (Y, *) be the subcomplex of Z P (Y, *) such that y 6 Zf(Y, *) 
if and only if one can take the pull-back cycle f*(y) £ Z P (X, *). Then the moving lemma 
says that the inclusion Z%(Y, *)o Z P (Y, *)q is a quasi-isomorphism. We can define 

complexes Ji p (Y, *)o and D* 7P (Y~,p)o in the same way as in §6.3. Let Z P (Y, *)q be the 



simple complex of the diagram 



•4) 



Then the natural inclusion 






v%-;(y, P ) . 



Z P (Y,*) ^Z P (Y,*) 



is a quasi-isomorphism, and collecting the pull-back maps on the complexes in f|8.4|) yields 
the map 

f* :Z p f (Y,*) ^Z p (X,*) . 

Taking the maps on homology we obtain the pull-back map on higher arithmetic Chow 
groups: 

rP, 



(8.5) 



f* : CH y (Y,r) £- H r (Z p (Y,*) ) 4 CH P (X,r) 



Theorem 8.3. The diagram 



K, 

f 



^ CH\Y,r) 



^ CH P (X,r) 



is commutative. 
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Proof. Substituting the complex cr^p-r^AP *0 / >2 J )o f° r ^ap* (^p)o m the diagram 
8.4j) . we obtain a map 



f : ZP(y,r)S/Ima^2j(y ) r)S/ImS4z*'(A: j *)o/Inia, 

which is an extension of (|8.5p . Then the definition of ch r and Prop. 8. 2 imply that the 
theorem follows from the commutativity of the diagram 



(8.6) 



^ ch 

K(f{U) ZP(Y,r)* / Imd 



K M(T) — ZP(X,r)* /Imd, 



and it is equivalent to that f*ch.u t o(J-) = chTfiifh^ 7 ) f° r an y hermitian vector bundle J- 
on U. 

Take a morphism cp : C7 — > G to a smooth projective variety and a hermitian vector 
bundle Q on G with an isomorphism ip*Q ~ J 7 . Let Zj^(G) be the subgroup of Z P (G) such 
that z € Zj^(G) if and only if one can define the pull-back cycle of z by the morphism 

Y xDj^Y xU r ^G, 

and also by the morphism 

IxfljHlxD r/ 4VxD r ^G 
for any I, J C {l,...,r}. Let (y, (u),g)) be a pair of y G Zj (G) and a Green form 

«) 

(-lf+^LT,^)' 
^(y) (¥>»,¥>*(<?)) 
which is an element of Z?(Y,r)o/Ime?. Since f]^^p*Q — f^F-, 

/V(y) (/V»,/VG/)) V 



(w,flf) G (G) associated with y representing chj((7) G CH P (G,V(El ' )). Then 



rch"(.F) 



which completes the proof. 



□ 



9. A TENSOR PRODUCT STRUCTURE ON THE MULTI-RELATIVE COMPLEXES OF EXACT 

CUBES 



9.1. An exact cube (J-o, . . . ,J~i). Let 21 be a small exact category. For a sequence of 
isomorphisms Tq ~ ~ • • • ~ J 7 ; of objects of 21, define an exact £-cube (Tq, . . . of 
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21 as follows: If ctj = 1 for some j, then 

(Fo, • • ■ ,^i) ai ,..., ai = 0. 
On the other hand, if a.j = — 1 and aj + i = • • • = a\ = 0, then 

(To, ■ • ■ ,^/) aij ..., ai = -^i-j- 

The maps in (J-"o, . . . , Fi) are the zero maps, the identities, or composites of the isomor- 
phisms in the sequence. When / = 0, (Fo) is supposed to be the 0-cube Fo- For instance, 
(.Fo, F\, F2) is described as 

F >- Fx 

I 

Fo >■ Fi 

I 

^0 >■ 0. 

Let us consider the faces of (Fo, ... ,Fi). Firstly, 

d)(Fo,...,F l ) = Q 

for any 1 < j < I. Moreover, 

d\ 1 (Fo, ■ • • , Fi) = i^o, ■ ■ ■ , F1-1) , 
di (Fo, ... ,Fi) = (Fo, . . . , Fi-2,Fi) , 

and if j > 2, then dj 1 (Fo, ■ ■ ■ , F{) is a degenerate cube and 

dj (Fo, ■ ■ ■ ,F{) = (Fo, ■ ■ ■ , Fi-j-i,Fi-j + i, . . . ,Fi) . 
Hence it holds in QC*(2l) that 

l 

d (F , ... ,F{) = ^(-1)-? (Fo, . . . ,Fi-j-i,Fi-j+i, ... ,F{) . 

j=0 

We can generalize this construction to a sequence of exact cubes. If Fo — ■ ■ ■ — Fi is a 
sequence of isomorphisms of exact n-cubes of 21, then we can obtain an exact (n + Z)-cube 
(Fo, ■ ■ ■ ,Fi) so that 

dtll ' "®l+n (-^0, • • • = ((Fo) Ql ,..., Q „, • • • > • 

Then it holds in QC(2t) that 

1 

9(Fo, ...,Fi) =^(-l) J ' (Fo, ■ ■ ■ ■■■,J r i) 

j=0 

n 1 

j=i i=~i 
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9.2. An exact cube (J 7 ; <p±, <p2, ■ ■ ■ , fi) ((?)• We begin by recalling the definition of tensor 
product of exact cubes. Let 21 be a small exact category, and assume that 21 is equipped 
with tensor product. Given an exact n-cube J- and an exact m-cube Q of 21, define an 
exact (n + m)-cube T ® Q by 

{J~ <8> G)ai,...,a„+ m = J~ai,...,a n ® Ga„+i,...,a n +m • 
Then it gives a product of chain complexes 

<g> : QC*(2l) ®QC*(2t) -> QC*(2l). 
Let 2lo, . . . ,21^ and 53 be small exact categories, and consider the diagram of functors 

Of Vl of ^ 2 W 




where each ir p is an exact functor and each <p p is an exact functor from 2l p to the category 
of exact Sp-cubes of 2l p _i. Then we can extend (p p to an exact functor from the category 
of exact n-cubes of 2l p to that of exact (s p + n)-cubes of 2l p _i in the way that 

for any exact n-cube Q of 2l p . 

Suppose that each 2l p is equipped with tensor product. Fix an object J- of 23, and we 
abbreviate ^(J 7 ) (g> Q to J 7 <g> £/ for any exact cube <7 of 2l p . Moreover, assume that there 
is a natural transformation 

Set s = Yl P =i s p- Then for any exact n-cube Q of 21/, we have a sequence of isomorphisms 
of exact (n + s)-cubes 

J" (8) v?iy? 2 • • • <Pi(G) - <Pi (J 7 <8> • • • — ■ ■ ■ — VW2 • • • ViiF^G) 

of 2lo, and the associated exact (n + s + Z)-cube of 2lo: 

(J r ;if 1 ,ip 2 ,...,(pi){g) 

= {T®(pnp 2 ■ ■ ■ ipi(Q),tfi{T ® ip 2 ■ ■ ■ <pi(G)), ■ ■ ■ ,<pif2 ■ ■ ■ tpi(F® G)) . 

When I = 0, (J 7 ; ) (G) is supposed to be the tensor product T (g> G- Since 
(J 7 ; <p±, <f2, • • • , </?z) (G) is degenerate if so is G, it induces a map 

{F;<Pi,<P2,...,<Pi) :QC*(2l/) ^QC* +s+ /(2lo). 

We can generalize this construction to the case that y p is a linear sum of exact functors 
from 2l p to the category of exact cubes of 2l p _i. In particular we have 

(J 7 ;ip 1 ,...,dip p ,...,ipi) 

Sp 1 

= EE ¥>!>••• > .. : QC*(2i/) -> QC* +s+ /_i(2lo). 



HIGHER ARITHMETIC CHERN CHARACTER 73 

Let us consider the faces of the exact cube (J 7 ; ipi, (f2, ■ ■ ■ , tpi) (G). As we have seen in 
the previous subsection, <9j (J 7 ; tpi, ip2, ■■■ ,<pi) (G) is degenerate if 1 < j < I and i = 1, or 
if 2 < j < I and i = 0. On the other hand, 

^r 1 (- 77 ;^i,---^/}(^) = (^fi,---, fi-i) (<pi(G)), 

and for 1 < j < I — 1, 

<9,° (-T 7 ; </?i, • • • , v/) (£) = (-T 7 ; ¥>i, • • • , Pi-jtpi-j+i, ■■■,<Pi) (G). 

However, df (F; tpi,...,ipi) (G) is not equal to ipi((F; if2, ... ,tpi) (G))- In fact, 

d? (J 7 ;^,---, <pi) (G) = <y (.pi((F; ■ ■ ■ , <pi) (G))) 

where a £ & n + s +i-i is the transposition of the sequence {1, 2, . . . , I — 1} with the adjacent 
one {I, ... ,1 + si — 1}. Hence we have 

d ((J 7 ; <£>i,...,<#) (<?)) = (J"; <^i, . . . , 

+ ^(- i y (J 7 ;^,--- , tpi-jipi-j+i, ...,(fi) (G) 

3=1 

+ (-l) l a(<p 1 ((F;<P2,...,<Pi)(G))) 

+ (JT; ^, . . . , dtp,, . . . , (G) 

+ (-l) s+l (■F;<p 1 ,...,<p l )(dG). 

If we use the chain complex QC Alt (2l), then we can get rid of the action of a G (5* from 
the above expression. Let 

iff = Alt, <p p : QC Alt (2l p ) -> QC, A 4(2l p _!), 

and 

(J; ipuw,..., ipi) ah = Alt, (J"; ^, ^ 2 , . . . , <p t ) : QC AIt (2l,) -> QC^Vh^o). 
Since the signature of a is (— l) 6 ' 1 ^ -1 ), we have the following: 

Proposition 9.1. For x € QC Alt (2b,); 

((.F; ¥>!,... , ^) alt (*)) = , ^-i) alt (*)) 

+ J^ -1 )'' (^fir-- , <pi-j<pi-j+i, • • • , ^) alt (a?) 
i=i 

+ ((^; V2 ,..., W ) alt (*)) 

i 

+ (-1)' (J"; ^ . . . , dlpjj . . . , ( X ) 

J' = l 

+ (-1)^ (J-;^,...,^)^ (5x). 
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9.3. A tensor product structure on QC*(X; Y 1; . . . , Y r ). Let X be a scheme and 
Yi, ■ ■ ■ ,Y r closed subschemes of X. Assume that X is defined over a base scheme S. Fix 
a vector bundle T on S. For any exact cube Q on Yj, we write T ® Q for -KjT £g> 
where 717 : Y/ — > S is the structure map. In this subsection, we will construct a map of 
C-complexes 

) : QC Alt (A; Y 1; . . . , Y r ) -> QC Alt (A; Y 1; . . . , Y r ) 

such that 

(m ) m > m : QC Alt (Y 7 ) -)■ QC Alt (Y 7 ) 

|7|=m |/|=m 

is given by the tensor product with J 7 . 

Let A ]J / = J be a division of subsets {1, . . . , r} with |/| = m and |J| = n, and write 
A = {k±, . . . , k n - m } with /?!<•••< k n - m . Assume that A is not empty. Let us recall 
the map defined in §2.4: 

Zk= Yl ( s g nfJ )K(i)---'^ (n _ m) )* :QC.(Y/) -+QC*+ n - m -i(Y J ). 

cr€&„-m 

If we see this map as a linear sum of exact functors from ^P(Yj) to the category of exact 
[n — m — l)-cubes of <P(Yj), then Prop. 2. 12 says that 

n— m— 1 

(9.1) 6S K = ^ ("l) a+1 £ ^( L k)ZlZl>. 

a=l L\\L'=K 

\L\=a 

Consider a division A = Ai \\ A2 ]J • • • \\ K\ such that each Kj is not empty. Let 
\K p \ = s p . Then we have the following diagram of functors: 




Here we see Sk v as a linear sum of exact functors from ^P(Yk p _ 1 u---uKiUi) to the category 
of exact (s p — l)-cubes of Yk p u---uKiUI- With this diagram we can associate a map 

(T;S Kl ,...,S Kl ) alt : QC Alt (Y 7 ) -> QC£* _ m (Y>). 
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Then it follows from Prop. 9.1 that for xj € QC^l/), 

d((T;E Kl ,..., ~ Ki r lt (*,)) =(T;E Kl ,..., S Kl _, (Sg(x 7 )) 

+ X^ -1 ^ Sk * ' " " " ' s ^i- P -=^i-p+i , • • • , -K,) * (a:/) 
p=i 

+ (_l)-i('-D+lsg (J"; SjCa> . . . , H Xi ) aIt (xj) 

I 

+ (-iy (j-. Sjfi , . . . , a Sjfp> . . . , ^> alt (x 7 ) 

p=l 

+ ( _ 1) n-m (JT;^,...,^)^ (axj). 

For any division If = ifi ]J if 2 IJ ' " ' II ^ > define the signature 

(K x ■■■ Kt P 
Sgn { J 

as follows: If we write 

\kp ±, ■ ■ ■ , ^-p,S p }) ^P,l *C • • • <I ^P,Sp1 

I = {ii,. . .,i m }, ii< ... <i m , 

J = {jl, ■ • • ,Jn}, jl < ••• < in, 

then 



J / V ii in 

Define a map 

v m,n = r ,n . Q C Alt (Fj) ^ Q^AIt 

|/|=m |J|=n 

as follows: For x = (xj) G © QC^Y/), 

|7|=m 

^,n (x)j= £ sgn ^ ^ (_!)«•(« »0 (jr. , . . . , S^,)^ (arj), 

where Sj = \Kj\ and 



s/-i + s/-3H \~S2, / is odd, 

si-i + sis H h si, / is even. 



6(si, . . . ,s t ) -- 

The lemma below follows easily from the definition of 6(si, . . . ,si). 
Lemma 9.2. For I > 2 and 1 < p < I - \, 

v 

6(si, . . . , si) + 6(si, . . . , s p + Sp+i, . . . , s/) + ^ s a 
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is an even number. Moreover, 

b(si,...,si) +6(si,...,s/_i) 

6(si,...,s/) +b(s 2 ,. . . ,si) 

Using Lem.9.2 and ()9.ip we can show that 
(9.2) s ^( Kl "j Ki I )(- 1 ) b(Sl '""' Si) x 

{T;S Kl ,--- , E Kl _ p » Kl _ p+1 ,..., ~ Ki y (xi) 

P =i 

+ (-1)' (jr. E Kl ,...,dZ Kp ,..., ~ K y lt (xj) ] 

P =i / 

is equal to zero. Hence 

d<p m > n (x)j + {-l) n - m - 1 ^ n d{x) J 

ffi II- II *i II J=J 

+ s ^( Kl "j Kl 7 )(-l) b(si '-' Si)+Sl(Z - 1)+1 ^ (T;~ K2 ,...,~ Ki r h (xi)- 

Applying Lem.9.2 to this equality we have 
d<p m ' n {x)j + (-l) n - m -V m ' n d(x)j 

E s s n ( Kl 0(-i) b(si '-' s '- i)+m+n+Si <^;5x 1 ,... ) 5x I _ l )*(33g(* I )) 
+ E s ^ ( Kl "j Ki (-i) b(S2 '-' Si )+1 sf£ s*„ • • • , ^) alt (x/) 

/CiU-II«'iII^=J 

n— m— 1 n— m— 1 

=(-l) n E ^ m+S;,n (F m ' m+Si (x))j + (-l) n+1 F n - Sl ' n ((^ m ' n - Sl (2;))j, 

s;=l Sl = l 

which leads to the following theorem: 

Proposition 9.3. 

) = <p = (^«) : QC Alt (X; r la . . . , F r ) -> QC Alt (X; Yi,...,Y r ) 
is a map of C- complexes. 



m — n — si, 

J 26(s2, • • • , si), I is odd, 

[ 26(s2, • • • , si) + si, I is even. 
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9.4. A homotopy from (J 7 ® )/* to f*(J-® ). Let T be another scheme with closed 
subschemes Di,..., D r , and / : (X; Y±, . . . , Y r ) — > (T; Di, . . . , D r ) a morphism. Assume 
that X and T are defined over a base scheme S, and / is defined over S. Let J 7 be a 
vector bundle on S. We abbreviate n^F® and tt^F® to J 7 ® , where irx '■ X — >■ S 1 and 
ttt 'T -t S are the structure morphisms. Then we have the diagram 



(J - ® ) 



QC^CT;^,...,^) QC Alt (X;li,...,Y r ). 



The aim of this subsection is to construct a homotopy <Pf from (J 7 ® )/* to f*(F® ). 

Let K \\ I = J be a division of subsets of {1, . . . , r} and K = K\\\ - ■ \\Ki a division 
of if. Consider the following diagram: 




where ^k p j is the linear sum of exact functors defined in §2.4. Unlike the previous case, 
K p may be empty in this case. Define a map 



\I\=m 



\J\=n 



*+n— m+l (Yj) 



by 



<2y 



KiU-lI^ilI^ 



Y^ { -lf{s,,.,s v - l+ s p ,...,s l)+ n +P M+l (p. S Kl ,..., ~ KpJ , ~ Kl ) alt (xj) 

p=l 



for x = (xi) € © QC^ (Dj). In the above, \Kj\ = Sj and so is supposed to be zero. 

\I\=m 
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Let us calculate d<P™' n (x) using Prop. 9.1 and Lem.9.2. Since a similar cancellation of 
terms to (19.21) occurs in this case, 



(_l)^7' n (x)j + (-l) m $? n (dx)j 

g ( _ 1)6 (..., sp - 1+sp ,..)+ p+ m _ J Sjw> : SKl _ x )a lt Efl{xl) 

p=l 

+ < j- ; Sjfi) . . . , s Kl _ x y lt sf uf ( XI ) 

+ ^ ( _ 1)& (..., Sp „ 1+Sp ,...) +P+ ( Sl -l)^ 1 ^t (jr . ^ _ _ j ^ _y* 
p=2 

n—m n—m 

= ~Yj <Pj +Sl ' n F m ' m+Sl {x)j - Yji^® )™+ s i> n (f*) m > m + s i( x )j 

sj=l s ; =0 

n—m n—m 

+ E (/*) n " 8i,n (j"® ) m ' n ~ si (^)j - E ^"" Sl ' n ^7'" _si (^)j- 

si=0 si=l 

Hence we have the following: 
Proposition 9.4. 

: QC* Alt (T; D 1 ,...,D r )^ ®C£\(X; Y 1 ,...,Y r ) 
is a homotopy from (J 7 ® )/* to /*(J 7 (S' )• 

The closed immersion i r : Y r c — y X induces a map of C-complexes 

l* t : QC, Alt (x ; Y\, . . . , y r _x) -> QC Alt (y r ; Yi n y r , . . . , Y r . x n y r ) 

and a homotopy # tr from (J 7 ® )t* to l*(J-(£> ). If we identify the simple complex of l* with 
the complex QC Alt (X; Y±, . . . , Y r ) by Cor. 2. 16, then Prop. 2. 5 says that the homotopy <P Lr 
gives a map of C-complexes 

V S : QC Alt (X; r l5 . . . , Y r ) -> QC Alt (X; F l5 . . . , Y r ). 

Proposition 9.5. The map <p s agrees with (J-"(g> ). 

Proof: Let x = (xj) G © QC Alt (Yj). It follows from the definition of ip s that </?!™' n (x) 
|/|=m 

is written as 
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In the case that r ^ J or r € /, t^' J (x/) comes from (J 7 ® ), that is, 

where \Kj\ = Sj. Assume r € J and r £ I. In this case, tpl' J (xi) comes from the homotopy 
$ w . To be more precise, if we write J r = J — {r}, then 

K 1 u-U K iU.i=J r 

^ ( _ 1)6 (... >Sp - 1+Sp ,...) + (n-D + ^ + l (jr. ^ t . . . > . . . f )^ 

p=l 

Write = K p U {r} and s' p = \K' \ = s p + 1. Then the following equalities hold: 

■=tf P)4r = (-l) Sp ^, 
sgn ( Kl " K * - Xi 7 ) = (_1)"»+«p+i+-+»« sgn ( Kl "' - 7 ). 

Hence using Lem.9.2 we can show that 

E Esgnf-' ^-^Ox 

^iU-U^L[^ r p =1 

( _ 1)6 ( Sl ,..., Si)+ p + / / jr. > _ _ . > s ; ^ \ alt (x/) . 



It follows from the definition of b(si, ... ,s{) that 

(_l) 6 (*iv,s;)+P+/ _ f_i\b(si,...,s' p ,...,si)_ 

Hence if we change the symbol K' p to K p and s' p to s p , then 

d' J (xi) = E s s n ( Kl "j Ki 7 )(-i) b(si '-' s ° ^ , • • • , ^) alt (*/), 
jcili-ii^ii^=j 

which completes the proof. □ 

9.5. A second homotopy arising from a section of a closed immersion. Let / : 

(A; Yi, . . . , Y r ) — > (T; D\, . . . , D r ) be a closed immersion defined over a base scheme S, 
and suppose that there is a morphism g : (T; D\, . . . , D r ) — > (A; Yi, . . . , Y r ) also defined 
over S such that gf = Idx • Then we have the diagram of 6-complexes 

Alt (A; Y u ...,Y r ) QC Alt (T; D 1 ,...,D r ) QC7 Alt (A; Y, . . . , Y r ) 



(J 7 ® ) 



QC Alt (A; Y,. . . , Y r ) QC AIt (T; £»!,...,£>,) QC Alt (A; y, . . . , Y r ) 



so 
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and the homotopies 



,Alt ( 

QC Alt (T; D u ...,D r 
QPt lt {X;Y 1) ...,Yr) 



$ g : QC? A (X; Y 1} ...,Y r )^ QC^(T; D u ..., D r ), 



Alt^ 

^(X;Y u ...,Y r ) 
f t (X;Y 1 ,...,Y r ) 



from (J 7 ® )#* to g*(F® ), from (J 7 ® )/* to f*(F® ), and from the identity to f*g* 
respectively. Hence we have two homotopies 



<P f g* + f<P g + (.F® <F(.F® ) : QC Alt (X; Yi, • • • , Y r ) -> QC£\(X; n, . . . , y r ) 

from (T® ) to f*g*{J : ® )• In this subsection we will construct a second homotopy between 
them which admits the condition of Def.2.7. 
Define a map 



Alt 



|7|=m 



|J|=n 



by 



tflL[...UJQIIJ=J 

E(-1) 6(S1 '-' S!)+1 5* .... , • • • > s *. > alt 

p=l 



for a; = (xj) € © QC# (Xz") ; where = Sj. In the above, -fC p may be empty. Then a 

|/|=m 

similar cancellation of terms to (19.21) occurs, therefore 



{-i) n do™> n {x)j - {-\) m e^ n (dx)j 

n—m n—m 



81=1 



s,=0 



+ J2 & n - Sl ' n (T® ) m ' n ~ Sl {x)j - E F n - Sl < n 0™' n ~ si (x)j 

s\=0 s\ = l 

Jfill-II^iII^J 

g(-l)K^-^)+n +P+i+Sp+ l ^. _ _ _ S KpJ S Kp+1>g , . . .) alt (*,). 
P =l 



Meanwhile, define a map 



|/|=m 



|J|=n 



*+n-m+2(^j) 
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by 



Jfi II- II *i II i=J 

1<P<<?<« 



for x = (xi) G QC^'^Y/), where 
|/|=m 



5-1 

c P ,g = 6(si,...,s / ) + E s i+P + 9 + l 



and 1-fTjl = Sj. Here l£p and K q may be empty. Then 



(-i) n dop H (x)j - {-\) m e^ r \dx)j 

n—m n—m 

= E ®? +Sl,n F m,m+Sl (x)j - E $™ +Sl ' n (g*) m,m+Sl (x)j 

s ; =l s ; =0 
n—m n—m 

- E(/*) n ~ si ' n ^r n ~ si (^)j - E F n ~ si,n @?' n ~ si (x)j 

si=0 si=l 

+ E ^( Kl -j KlI h 

g ( _ 1)6 ( Sl ,.., S + n + ^ +Sp (j , ^, / ^ p+1 , s , . . (X,). 
p=l 



Hence we have the following: 
Proposition 9.6. If we set 



0m ,n = m,n + e m,n : © QC^ it (Y I ) ->• © QC_ m+ 2(^), 

|7|=m |J|=n 
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then forx = [xi)€ QC^QTi), 

\I\=m 

n—m 

(-l) n dO m ' n (x)j + F n ~ kl ' n 9 m ' n - kl (x)j 
fcl=l 

n—m 

- (-i) m e m ' n (dx)j - Y e m+kun F m ^ m+ki { x )j 

n—m n—m 



fel=0 fc;=0 
n—m n—m 



- Y $J +kl ' n (g*) m > m+kl {x)j - Y,(f*) n - kl > n <P™> n - kl (x)j. 

ki=0 fei=0 
In other words, = (0 m,n ) is a second homotopy from &fg* + f*^ ) g + (F® )\P to ^{F® 



10. ii"o(X)-MODULE STRUCTURES ON ARITHMETIC ET-GROUPS 

10.1. Ko(^)-module structures on K r {X) and on Kq(T). Let X be a smooth proper 
variety defined over an arithmetic ring. Let us first recall the Ko(X)-m.o&v\e structure on 
K r (X) given in |Tal §5]. Define an operation on the Deligne complexes 

A: TV 2p - n {X, P ) x T<D 2q - m {X, q) -> T ^ P +2 q -n-m-l ( X ^ p + g j 
as follows: Let 

<r =1-2 m _1 e rrv +1 ) rr 1 ) , 

and for w € rD^^p) and r G TD 2( i- m {X , q) , 

l<i<n 
l<j<m 

if n, m > 1, and wAr = 0ifn = 0orm = 0. 

Proposition 10.1. [Ta, Thm.5.2] Let F and Q be an exact hermitian n-cube and m-cube 
on X. Then 

ch n+m (F®g) =ch n (F) • ch m (Cj) + (-l) n+1 ^(ch n (J) A ch m (<?)) 

+ (-l) n d v ch n (J) A ch m (Q) - ch n (F) A d v ch m (G). 

Suppose r > 1. Let (F,rj) be a pair of a hermitian vector bundle F on X with rj S 
rDi(X)/ImdD and 

(y,r) G QC r (X) 0r2) r+1 (X) = s(ch*) r 
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such that d(y, r) = 0. Note that cho(.F) «r = ch (J 7 ) Ar by definition, and in what follows 
we write cho(J 7 ) • r instead of cho(J r ) A t. 

Proposition 10.2. Define a product of above pairs by 

(J 7 , rj) ■ (y, t) = (F ® y, ch (J*) • r) G s(ch*) r . 
Then this product gives rise to a map of arithmetic K -groups 

(10.1) k (x) x K r (x) Q k r (x) Q , 

by which K r (X)Q is a Kq(X) -module. 

Proof: It is obvious that c^J 7 <g> y, cho(J r ) • r) = and that d(T ® y',cho(T) • r') = 
(J 7 ® y, ch (J r ) • r) if (y,r) = d(y',r'). Let £ : — > J 7 -! — > .Fo — >■ J 7 ! -4 be a short exact 
sequence of hermitian vector bundles on X. We see £ as an element of QCi(X). Then 
Prop. 10.1 implies that 

ch r+ i(f ® y) = chi(5 ) • ch r (y) + (^(chi^) A ch r (y)) - chi(£) A d v ch r (y). 

Since ch r (y) = d^r, we have 

<9(£ <g> y, - ch x (£) • r + chi(£) A ch n (y)) 

= (55(»y,crv + i(5(8)y) + du(chi(f) •r-chi(5) A ch n (y))) 

= {T-i <g> y + T\ ® y - J" <8> y, ch (J"_i) • r + ch (Ji) • r - ch (.Fo) • r), 

which means that the map (110. ID is well-defined. 

We next show that the above product gives a i£o(-X)-module structure on K r (X)q. 
Take two elements [(^1,771)], [(F 2 , 772)] £ Kq(X). Then their product in Kq(X) is given 

by 

[(J 7 ! ® T 2 , ch (J r i) A 7] 2 + m A cho(J" 2 ) + dD7/i A t? 2 )] e KoC-X")- 
For any exact hermitian r-cube Q on X, consider the following exact hermitian (r+l)-cube 

(10.2) (Fi,T 2 ) (G) = (Ti ® (T 2 ®9) ^ {Ti®T 2 )®G^ 0) . 

Then it gives a map 

<7i,7 2 > :Qa(X) -+QC r+1 (X) 

which satisfies 

d((Tx,T 2 ) (x)) =Ti <S) (T 2 <S) x) - (Tx <E)T 2 ) <g) x - (Ti,T 2 ) (dx) 

for x S QC r (X). Note that (Fi, .F2) (^) is isometrically equivalent to a degenerate element 
since the isomorphism in (|10.2p is an isometry. Hence we have ch r+1 ((Ti,F 2 ) (x)) = 0. 
Let (y,r) G s(ch*) r such that d(y,r) = 0. Then 

(J 7 !, rji) ■ ((T 2 ,rj 2 ) ■ (y, r)) - ® J 7 2 , cho^i) A 772 + f?i A cho(J" 2 ) + dvrji A rj 2 ) ■ (y, r) 

= (Ti ® (T 2 ®y) - (T\ ® J 2 ) ® y, 0) . 

Since dy = and ch r+ i((j 7 i, ^2) (y)) = 0, it is equal to d ((J r i,J r 2) (y)>0). This means 
that the product (|10.ip is associative. The identity condition [(O,0)] ■ [(y,r)] = [(y, r)], 
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where O is the structure sheaf with the canonical metric, can be shown in a similar way 
by using the canonical isometry O ® Q ~ Q. □ 

We next consider a i^"o(^)-module structure on K^^(X)q. Let (J 7 , rf) be a pair of a 
hermitian vector bundle J- on X with 77 £ rDi(X)/Imdi). Suppose r > 1 and let 

(y, r) £ QC r (X) S Pjr+ i(X) = s(ch*, P ) r , 
then define their product by a similar expression: 

(10.3) (T, rf) ■ (y, t) = {T® y, ch (T) . P r), 

where » P is the product introduced in §3.2. It is easy to show that the canonical isomor- 
phism Kp tr (X)q — > K r (X)q, which is (|5.ip given in §5.1, is compatible with the product 
with the pair (J 7 , rf) , hence the product (110. 3j) gives a map 

Kq{X) X if P)T .pf)(Q) — )■ Kf >r (X)Q, 

by which i^ Pr (X)(Q is a i^oPO- m °dule. 

Here we assume that X is projective over an arithmetic field. Let T = D(X x D r ;X x 
cCT") be the associated iterated double. Let (J 7 , 77) be a pair of a hermitian vector bundle 
T on X with 77 £ rDi(X)/ImdD, and (Q,t) a pair of a hermitian vector bundle <7 on T 
with r £ 1)x,F,r+i(X)/Imd s . Define a product of such pairs by 

(10.4) {F,rf) ■ (g,r) = (J 7 ® Q, ch (J") «a,p t + $7 *a,p ch Ti0 (£) + cfor? *a,p r), 
where •a,p is the product introduced in the end of §3.2. 

Proposition 10.3. The above product induces a pairing of arithmetic K-groups 

MX) x Kq 1 (t) -> ie M (r), 

is a Kq{X) -module. 

Proof: It is easy to see that (|10.4p is compatible with the relation coming from a short 
exact sequence of hermitain vector bundles on T. Let 6 : — > T—\ — > J~o — > J~i — > be a 
short exact sequence of hermitian vector bundles on X. Then 

(?x + t-x - To, -chi(O) ■ (g, t) = (Ji ® <? + J-i ® g - T Q ® <?, -dn(f) .^p ch T , (a)). 

Note that chi(£) •a,! 1 cfi^o^) is in r D^ iT j r i{X). On the other hand, 

c h T ^(£®g) = £(-i)i'ichi(ij(F 

= ^ ( - 1 ) 1 7 1 vr^p chi (£) P A tt^ a ch (fig) 
1 

= v x,f cll i (£)p A <y,a ch T ,o(0), 

where 7rx,p iIxD^P^IxP 1 and 7tx,a : X x CT x P 1 — > X x CT are the projections. 
Moreover, the difference chi(£) P — chi(£) is c^-exact in D Pj 2(X) by Lem.6.13, and it 
follows that chi(£) •a, P ($it,o{G) = ^x cn i(^) ^ ca T,o(G) m ^A^+iiX). Then taking the 
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cf s -closedness of ch.Tfi(G) = into consideration, we can show in the same way as the proof 
of Lem.6.13 that 

ch T ,i(£® G) - (-l) r ch x (5) . a ,p ch Tj0 (a) 

= TT* X}P chi(S)w A 7r^ jA ch Ti o(^) - (-1)''^ chi(£) A chr,o(£) 

is c^-exact in T)^p tr+ i(X). This means that 

(Fi+T-!- 7o,-dxi(£))-{G,r) 

= (Ti ® G + T-! ® G - T ® G, -(-i) r ch Tjl (£ ® g)), 

therefore the product (|10.4p is compatible with the relation coming from a short exact 
sequence of hermitian vector bundles on X. 

Finally we show that the product admits the associative law. We should note that the 
product • on rD* (X, *) does not satisfies the associative law in general, whereas if at 

least one of three elements u, rj, r is in tT)^ (X x D r x (P 1 ) 8 ,^), then torn (rfr) = {uj»rf)»T 
holds. Using this fact we can show the associativity of the product in the same way as 
the proof of the associativity of the product in Kq(X) in \GS2\ Thm.7.3.2]. □ 



It is easy to see that the diagram 

K (X) x K M (T) — 

cho x chr o 

TDo(X) X V A ^ r (X) 



* K M (T) 



■> I>A,P,r(X) 

is commutative. This implies that Kq(T) C K^fiT) is a iCo(X)-submodule. Moreover, 

S1I1CG 

k (x) x Kq 4 (t) ► k M (T) 



K (X) x K (T) 



C 



-> K (T) 



is commutative, K^iT; T\, . . . ,T r ) and Kq(T; T\, . . . ,T r ) are also iCo(X)-submodules of 

k™{T). 

Proposition 10.4. The splitting maps 

t: Kq 1 (T) — > Kq 1 (T; T\, . . . , T r ), 
t: k (T)^K Q {T-T l ,...,T r ) 

respect Kq(X) -module structures. 

Proof: Since the second map is the restriction of the first map, it suffices to proof the 
claim for the first one. We will prove that the composite 



K^(T) 4 < f (T; T X , . . . , T r ) 4 (T) 
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is a map of -K"o(X)-modules. Let J 7 be a hermitian vector bundle on X, and Q a hermitian 
vector bundle on T. Since qt(Q) is equal to (1 — p*i*) • • • (1 — p\i\)G, there is a canonical 
isometry qt{J- <S> G) — J 7 <8> qt(G) as virtual hermitian vector bundles on T. Hence the 
proposition follows. □ 

10.2. A IfoPO-module structure on Kq(X x D r ;X x cO r )(Q. Let X be a smooth 
proper variety defined over an arithmetic field, and J- a hermitain vector bundle on X. 
Applying the construction in §9.3 we can obtain a tensor product functor 

(T® ) : Q<5 Alt (X x O r ;X x dO r ) -> Q<5 Alt (X x D r ;X x dD r ). 



Proposition 10.5. T/ie diagram 

~ 7 Alt (X x D r ; X x dD r ) [r] QC Alt (X x Q r ; X x 9Q r ) [r] 



ch, 



ch. 



£>a,p,*(X) - A ' P > D AjP) *(X) 



is commutative. 



Proof: For any G Qj7 Alt (X x Dj) with Jc{l,...,r}, it holds that ch n (~F ® z/)p = 
cho(J r ) »a,p ch n (x/)p in X>A,p,r+n(X). Moreover, for / C J with I ^ J and for a division 
TJ • • • TJ Ki Tj J = J, ch* (( T\ S Kl , ■ ■ ■ , ^K t ) (xi)) =0 because ( J 7 ; 3 Kl ,...,S Kl ) (x x ) 
is isometrically equivalent to a degenerate element. Hence the proposition follows. □ 

Corollary 10.6. Let (J 7 , rj) be a pair of a hermitian vector bundle T on X with rj G 
rT> 1 (X)/Imd v . Then for 

(y,r) G QC Alt (X x D r ;X x 3D r ) £ A ,p, r+1 (X) = s(ch*) r , 

£/ie product 

(10.5) (J\ 77) • (y, t) = {T® y, ch (T) . A , P r). 

gives a map 0/ complexes 

(T, rj) ■ : K (X x D r ; X x dn r ) Q -> K (X x D r ; X x <9I~T)(Q. 



Proposition 10.7. TTie isomorphism 

K v , r (X) Q ~ £ (X x D r ;X x dfT) Q 

given in Prop. 5.1 is compatible with the product with the pair (J 7 , rj). Hence the product 
fjl0.5f) gives a Ko(X)-module structure on Kq(X x CT;X x cO*)q, and the above isomor- 
phism respects the Kq(X) -module structures. 

Proof: Let 

i x : QC Alt (X) -)« QC Alt (X x D r ;X x dD r ')[r] 
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be the restriction to the alternating part of the map A3.2I) defined in §3.6. Then we can 
easily verify that %x commutes with the tensor product functor, from which the proposition 
follows. □ 

10.3. Comparison of the Kq{X)-too6.\A& structures on K r (X) and on Kq(T). In 
this subsection we will prove the following theorem: 

Proposition 10.8. The map 

% : K (T; T u . . . , T r ) Q -> K (X x LT; X x dO r ) Q 
respects the Kq(X) -module structure. 

Proof: It suffices to show that the map (15. 4p 

i*i : K (T) -> K (X x B r ;X x 8LT) Q 

respects the -Ko(^Q- m odule structures. Recall the morphisms 
tj : (Tj-Ti HTj,..., Tj-i n Tj) -4 (T; Ti, . . . , 
Pj - : (T; Ti, . . . , 2)_i) -4 (T,; T x D T„ . . . , T^ t n 2)) 

introduced in §4.2, and the maps of complexes induced by them 

QC Alt (T; Ti, . . . , 2}_i) ^ QC, Alt (T,; Ti n T„ . . . , Tj-i D Tj). 

Let J 7 be a hermitian vector bundle on X. Prop. 9. 4 says that we can obtain a homotopy 
from (J 7 ® )t* to i*(F® ) and a homotopy <£ p from (T® )p* to p*(T® ). Let 1^ be 
the homotopy from the identity to L*p*- given in Prop. 2. 20. Then by Prop. 9. 6 we have a 
second homotopy 

O : QC Alt (T j; T x nT jV ., T^ n Tj) -4 QO^(T i; Ti HI),..., T^x n Tj) 
from + + {T® )<? to ^(J"® ). Hence it follows from Prop. 2. 8 that the diagram 

QC* Alt (T; T l5 . . . , Tj_i) —^4 QC Alt (T; T x , . . . , Tj) 
(10.6) {t® ) (T® ) 

QC Alt (T; T l5 . . . , T^x) —^4 QC Alt (T; T 1; . . . , T,-) 

is commutative up to homotopy. Denote by 77., the homotopy from (J 7 ® )£j to tj(T® ) 
given in Prop. 2. 8. Since the images of the homotopies <? t ,<P p ,<^ and the second homotopy 
are isometrically equivalent to degenerate elements, ITJ 1 ' (x) is isometrically equivalent 
to a degenerate element for any m and n. Connecting (I10.6P for all j, we can obtain the 
following commutative diagram up to homotopy 

QC Alt (T) —^4 QC^^Tx,...,^) 



J10.7) (r® ) 



(J 7 ® ) 



QC Alt (T) — ^ QC Alt (T; T 1; . . . , T r „ 
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and a homotopy H from {T® )t to ^J 7 ® ) is given by 

r 

n = ^2 t r ■ ■ ■ tj + iiijtj_i ■ ■ - ti. 

It is obvious that II 0,n (x) is isometrically equivalent to a degenerate element for any n. 
On the other hand, Prop. 9. 4 says that the diagram 



flOi 



^\T;T u ...,T r ) 

(m ) 



f lt (x x a r -,x x dn r ) 



im ) 



Alt( T . Tl ,...,T r ) QC^ lt (X x D r ; X x <9LT) 

is also commutative up to homotopy, and if we denote by 'P^ the homotopy given in 
Prop. 9. 4, then &-' n (x) is isometrically equivalent to a degenerate element for any m and 
n. Combining (|10.7p with (|10.8[) yields the diagram 



Alt 



(T) 



> QC, Alt (X x \J r ;X x dO r ) 



(J 7 ® ) 



(m ) 



Ait (T) 



,Alt (X xD r ;X xd\3 r 



which is also commutative up to homotopy, and a homotopy from (J-"<8> )ip to ip(J-®> ) 

is given by II' = (p^t + zSiT. It is obvious that i7'°' n (x) is isometrically equivalent to a 
degenerate element as well. 

Any element of Kq(T) is represented by a pair (Q, r) of a virtual hermitian vector bundle 
Q on T with r € DA,p, r +i(X)/Im4 such that ch.Tfl{G) + d s r = 0. Since the map (15. 4ft 



iji : K (T) -> ^o(* x LT; X x 0D r ) Q 
sends [(<?,t)] to [(ip(G),—r)], we have 

[(7, rj)] ■ [[(g, f)]) = [(J $5 - cho(T) . A)P r)] . 

On the other hand, since cbr,o({?) + d s r = 0, we have 

([(J, 5t)] • [(£, r)]) = {[(? ® 0, ch (T) . A , P r)]) = [(^(T ® 0), - ch (F) *a,p r)]. 
Since ch* (II ,0,n (Q)) = 0, we have 

dlt(T ®G)-T® i* t(g), o) = d(n'(g), o), 

which means that [(J",^)] • ip[(G,T)] = ip ([(J 7 , rfj\ ■ [(G,t)]). This completes the proof. 

□ 
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11. Compatibility with product 



11.1. Product of CH 9 (X,r) with CH P (X). In |BF| . Burgos and Feliu constructed a 
product in higher arithmetic Chow groups. In this subsection, we will recall their con- 
struction in the case of the product with CH P (X). We begin by fixing some notations. 

Throughout this section, fix r > 1. For a variety X defined over a field, denote by Z p x 
the set of all closed subschemes of X of codimension p, and by Z q x r the set of all admissible 
subschemes of X x CT of codimension q. For another variety Y, write Z p XYr = Z p x x ^Y>- 
We regard Z p XYr as a subset of Z p x q Yr m ^ ne wa y ^ na ^ W) 4Zx VF. In what follows, 
we identify Z p x with Z p x ° Yr by Z h-> Z x Y x LT and Z^ r with Zj*^ byW^Ixiy. 

Suppose X and 1" are compact complex algebraic manifolds. Write \D r x Y = X x y x ET 
for short. Then it is shown in |BF|, Lem.5.5] that 

2)r og (D^y - Z™ Yr ,p + q) ^ og (D^ y - Z*,p + g) ^(D^y - 2^ r ,p + g) 

Dl g (D x>Y -Z X U Z Yjr ,p + q) 

is a short exact sequence, where the map j x 9 Yr is given by (u>, r) (->• —a; + r. This implies 
that the natural map 

(11-1) ^o g PV - Z5&r'P + «z) -> sH^r)* 

is a quasi-isomorphism. Let 

i x q Xr : ^(D^p + g) -> .(-^ r r 

be the composite of the restriction to f* og (CTjf y — + l) W1 th . and take the 

simple complex s{i p XYr )* . To be more precise, 

)" = + 9) © ^(Ojry - 2£,p + g) 



^(□W - 2& r ,P + 9) © K; 2 (Dx,y - 2& U Z y . r ,p + , 



log 

Tog V-*X,Y ~ ^Y,r->P + D TO ^Tog ^ L - , X,y _ ^ ^y,r> 

with the differential given by 

4(w , (wi,w 2 ),a;3) = (d B Wo, (w - duu^wo - d©^), -wi + w 2 + dcw 3 ). 

If we set 

D; ogiZ M r (DV,p + g) = s(V* log (a xx ,p + q) ©^(D^y - 2^ r ,p + g)), 
then the natural map 

(11.2) V* og ^ Yr (n x>Y ,p + q) S (^)* 

is a quasi-isomorphism. Take the truncated subcomplex 

Let ^D^ z p,9 (^ x ^P + g)o be the single complex of the normalized subcomplex of 
Q s '~ r p , q (X x Y,p + g) with respect to the cubical structure on the index r. In the same 

' X Y 



90 YUICHIRO TAKEDA 

way, we can obtain the single complex of the normalized subcomplex of ^<2(p+g) s (*xV-r)* 
with respect to the cubical structure on the index r, which we denote by sa(^xV)o- Then 
the map (jll.2p induces a quasi-isomorphism 

Let 

tt x : O r X)Y = Ix7xD r 4l, 

vry : U r xy = XxYxD r ^YxD r 

be the projections, and define an exterior product of a; € tD*(X, p) with a/ G t'D* (Y x 
□ r , q) as follows: 

10 * A J = TT X UJ • TXyJ G rD* og (px.y , P + 
Then it induces a map of complexes 

* A : tV*(X, P ) x rVl g (Y xO r ,q)^ rV* log (n xx ,p + q). 
Similarly, for 9 G rD* og (X - 2* ,p) and </ G rD£ g (Y x D r - 2^ r ,?), define 
g* A g' = Tr* x g • vryfif' G TT)* og (D X)Y - u + ?)> 

J*aw' = vt^s- • vryo;' G rD^f^y - Z^p + g). 
Using these products, we can define 

(11.3) o : rV n ZP (X,p) x rV™ g (Y x D r ,q) -> T< 2p+2q s(q q Yr ) n+m 

Y,r ' 1 

by 

(w, g) o (a/, ^ ( w * A a;', (5 * A w', (-l) n w * A (- 1 ) n_1 5' *A flO, 
which turns out to be a map of complexes. Taking the cohomology yields 

H 2 ^ ZP {XMP)) x K 9 z« yr ( Y x ° r ^(9)) ^^(K^)*)- 
Combining this map with 

H^ +2q (s(f x q Y J)^H 2 ^ q (n xx ,R(P + q))^H 2p ^ q (D x>y ,R(p + ?)) 

induced by (|1 1.2[) and the inclusion Z x q Yr C ZjfxYr' and taking the normalized subcom- 
plexes, we obtain a map 

x : H p (X,0) x ^ 9 (Y»o -> x Y,r) . 

Prop. 5. 13 in |BFj says that 

2P(X,0) x Zi(Y,r) — ZP + i{X x Y,r) 



XiXXi 



W(X,0) x W(Y,r)o — TF+^X x Y» 
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is commutative, where the upper horizontal arrow is the exterior product of cycles. On 
the other hand, taking the single complexes of the normalized subcomplexes on the both 
sides of (|11.3p . we have 

o : r2)^(X,p) x 0)l )29 (r, 9 )o -> 8 A (?« Y )* . 
An element a G s A {i p XY )o' +2q ~ r ^ s written as 



_ / -p.q \2p+2q—r+j 

dj £ T< 2 p+2qS{t y £ r Y,j)0 



a = 

Then by the quasi-isomorphism (jll.2p we have the cohomology class 

M^S? (P r XxY ,p + q) . 
Since Z p ^ q Yr C Z^ x y , the correspondence a i-> [o r ] gives 

which turns out be a map of complexes. Cor. 5. 14 in [BFJ says that 



X2XX2 

H p (X,Q)xW(Y,*) 



_2 v a ,(4P'1 \ 2 P+ 2 Q~* 



X2 



-»• x Y, *) 



is commutative. 

Denote the following canonical maps by the same symbol p: 

P :tV* Zp (X,p)^tV*(X,p), 

p : VX Zq (Y,q) DI(y,g)o ^ © A (y,<z) -> V* A ?(Y,q), 

p : s A (t^)S -> 2)1 (X xy iP + 9 ) . xF,p|?)4 ©I jP (X xF,p|?). 

Moreover, define a map of complexes 

(11.4) * A ,p : tV*(X, P ) x ©I )P (F,9) -> ©1, P (X x y,p + g) 

by w *a,p (*/ = tt^-w • TTyOj' , where 



ir x :Ix7xD r x 



X, 



ir Y :X x Y x D r x (P 1 ) 5 y x U r x (P 1 ) 8 
are the projections. Then the diagram 

rV ZP (X,p) x V*(Y,q) s A (f x q Y )* 



TV*(X,p)xV* A¥ (XxY,p + q) — ^ D* (XxY,p + 



is commutative. 
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Under the above preparation, we can define an exterior product of CH (X) with 
CH (Y,r). Let (y,(u!,g)) be a pair of y € Z P (X) with a Green form associated 
with y, and take a lift g 6 tD^~ (X — Z p ,p). Let 



z a J 



G Z 9 (y,r) 



Define their product as follows: 



(11.5) (y> )5 )) 



,yxz (w,s)oq 



Then as shown in [BFt §5], this product gives a map 
CH P (X) x CH q (Y,r) 



( H p+ «(XxY,*) %f+ 2q -*(XxY,p + q)\ 



J11.6) 



X2 p, 
g \2p+2q— * 



/ 



where P (X xF,p + g) is the complex defined in §6.3. On the other hand, it is obvious 
that the diagram 

(11.7) \£ 

is commutative, hence it gives 

/ H p+q (X x Y, *) 



/ x y, *) 



/ 



(Hi 



;JET, 



% +2 '-'(ixy lP + g )\ 



\Z^(Xx»)o D?J 2 r*(Xxy,p + g) / 



/ H p+q (X x y, *) B^ 2 «-*(X x Y,p + g)\ 



\z^(xxy,*) D 2 /+ 2 + V*(Xxy, P + (? ) / 
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Define an exterior product of higher arithmetic Chow groups 

U : CH P (X) x CH 9 (Y, r) -> CH P+q (X x Y,r) 

to be the composite of f|11.6j) with (|11.8|) . Substituting <7 <29 _ r !D^ P (y q) for T>* Ap (Y, q) 

and a < 2 P +2q-r'E , Xp(X x Y,q) for D^ p (X x Y,q), we can also define an extended exterior 
product 

U : CH P (X) x Z q (Y,r)* /Imd -> Z p+f, (X x y,r)J$/ Imd. 

Suppose that X is projective over an arithmetic field. As we have seen in §8.2, we can 
define the pull-back map 

A* : CH P+Q (X x A» ^ CH P+9 (X,r) 
by the diagonal map. Define intersection product of higher arithmetic Chow groups 

CH P (X) x CH q (X,r) CH P+q (X,r) 

to be the composite of the exterior product in the case that X = Y with the pull-back 
map A*. 

Proposition 11.1. Let rf G TD 2p ~ l (X,p). If r > 1, then for any x G CH q (Y,r) the 
exterior product a(rf) U x is equal to zero. 

Proof. Suppose that x is represented by 
(11.9) ( ^ eKeid cZP(Y,r) . 

Then in 

f W+\X x Y, *) Vl P ^-*(X xY,p + q)\ 

the product of (0, (dx>r] p , rf)) with the element (jll.9p is given by 

/ dprf * AjP #A 

\0 {dvrf,rf)*a )' 

If we write a = (01,02) G D^ q r (y, (7)0 with ct\ G D^ p ~ r (yg)o and a 2 G D^ -1 " - (y 
£y><z)oj then it holds in s(i^f Yr ) 2 ) p+2q r that 

(d v r] p ,r] p )oa = (d^rf, rf) o {a%, a 2 ) 

= (d-orf * A ai, {rf * A aud^rf * A a 2 ), -rf * A a 2 ). 

Since rf G rD 2p_1 (X, p) and d s a = 0, it is equal to 

d s {rf * A ai, (0, -rf * A a 2 ), 0). 



(11.10) 
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It follows from the definition of \2 that X2{ff *A oci, (0, — rf *a 02), 0) = 0. Hence (Ill.lOp 
is homologous to 



ni.ii 



d^rf * A ,p /3 2 - rf * A)]P a\ 
\0 / 
The <9-closedness of (lll.9j) implies that d s $2 = = «i, therefore 

dvrf *a,p /?2 - rf *a,p ai = *a,p P2), 
which means that (jll.lip is 5-exact. Hence the proposition follows. □ 

11.2. The main theorem. In this subsection we prove the following theorem: 

Theorem 11.2. Let X be a smooth projective variety defined over an arithmetic field. 
Then 

K {X) x K r (X) Q ► K r (X) Q 

• 9 



© ch xch,. 

p+q=n 



ch„ 



CH P (X) xCH q (X,r) ► CH n (X,r) 

p+q=n 

is commutative. 

Proof: We have shown in §10 that the sequence of maps 

k r (X)Q ~ K (X xD r ;Xx dO r ) Q «- K Q (T;T X , . . . ,T r ) Q C K (T)q 
respects the -Ko(^0- m °dule structures. Hence we have only to show that the diagram 

K (X) x K (T) > K (T) 

(11.12) p+ t/ h ° xc ^° 

CH P (X) xCH q (X,r) > CH n (X,r) 

p+q=n 

is commutative. 

First we consider the product with x% = [(0, 77)] € Kq(X) where rj G rDi(X). In this 
case it follows from the definition of the product of arithmetic iT-groups described as 
([10. 4p that x\ ■ X2 = for any X2 G Kq(T), and Prop. 11.1 says that a(r]P) ■ ch^ (:E2) = 0. 
Hence the theorem follows in this case. 

Let us now introduce exterior product of arithmetic .Ko-groups. Let Y be a smooth 
projective variety, and T = D(Y x U r ;Y x <9D r ) the associated iterated double. We 
identify XxT with V = T(X xY xU r ;X xY x dU r ). Define an exterior product 

U:ko(X)xk^(T)^k^(T') 

by 

[{T, 77)] U [(IF, t)} = [(T m F, ch (J) * A ,p t + rj * A ,P ch Ti0 (^) + d V 7] * A ,P r)\. 

In the above, TMT 7 = tt* x T <g> tt^T 7 , where vr x : T' = X x T ->■ X and vr T : |P#T = 
X x T — > T are the projections, and the product *a,p is defined in (111.4p , We can show 



HIGHER ARITHMETIC CHERN CHARACTER 



95 



in the same way as the proof of Prop. 10.3 that this product is well-defined, and it gives a 
map 

U : K (X) x K (T) -> K (T'). 

Here we assume that X = Y. Let A : X — > X x X be the diagonal morphism, and 
A^> : T — > T' the morphism between the iterated doubles induced by A. Then the diagram 
(|11.12p is decomposed as follows: 



K (X) x K (T) 



K (T>) 



Ko(T) 



p+q—n 



Chg xcn T Q 



cli 



T'O 



ch 7 



p+q=n 



CH P (X) x CH q (X,r) 



CH n (XxX,r) CH n (X,r). 



The right diagram is commutative by (|8.6p . Hence the theorem follows from the lemma 
below. □ 

Lemma 11.3. For a hermitian vector bundle T on X , denote by 

FM : K (T) -)■ K (T') 
the exterior product with [(T,0)] G Kq{X). Then the diagram 



Ko(T) 



K (T>) 



-~- n — p 

Bch T n 



ch 



T'O 



)CH n P (X,r) 



EchS(J-)u 

V 



CH (X x Y, r) 



is commutative. 

Proof. In the previous subsection we have shown that the exterior product is extended 

to 

CH P (X) x Z q (Y,r)* /Imd -> Z p+q (X x V, r)3/ Im 0. 
Hence it suffices to prove the commutativity of the extended diagram 



~F"._ 



HCh 7 



ch 



T'.O 



-> Z n (X x r,r-)5/ima. 



©Z n -P(Y,r)S/Imd — 

P Echo(^)U 
p 

First we consider the case that X2 = [(0,r)] € Kq(T) with r G 2A,p,r+i(-^)' in this 



case, 



ch^ot-T 7 Kl x 2 ) = chy, ([(0, ch (.T) *a,p t)]) = ^ a(chg(J") * A ,p r<?). 

p+g=n 



OR 
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On the other hand, if ch (J 7 ) is represented by (y p , {uj p , g p )) such that y p € Z P (X) and 
(uj p ,g p ) is a Green form associated with y p , then it follows from the definition of the 
product (|11.5p that 



-UJ P *A,P T Q 





o(dlg(J r ) * A ,P T 9 ) 



since ch^J 7 ) = o; p . Hence the lemma follows in this case. 

Finally let us assume that X2 = [(.F',0)]. In this case what we need to show is the 
equality 



(11.13) 



ch T , i0 (JW)= ^ ch^(J)Uch^ (^) 



in Z n {X x Y, t)q/ Im d. Take a morphism ip : T — > G to a smooth projective variety G and 
a hermitian vector bundle Q' on G such that <p*Q' — T' . Let (y p , (w p , g p )) and (z q , (r 9 , hi)) 
be representatives of ch (J 7 ) and ch (£/') respectively. Assume that z q € Zp(G). Then the 
exterior product of ch^J 7 ) with ch^ (J r/ ) in 



' H p+q (XxY,*) <7 <2p+2q - r & A p+2q -*(XxY,p + q)^ 

K Z p + q (X xY,*) s A (^ q Y ) 2 Q p+2q -* , 



is equal to 
(11.14) 



(-l) r+1 ch p (T) * A , P ch^J 7 ', <p*g>)\ 

K y p x<p*(z«) (u p ,g p )o{^{T q )^*{h q )) J 
On the other hand, since there is an isomorphism (Idx x <p)*(J~ ^ — J 7 Kl J 7 ', 



ch (JHP) 







(-i) r+1 ch^, ^^y^K ip*g' 



v E (IxrfVxz') E (lx^M^/)*^ 9 ,^)) 

p+g=n p+g=n 

where 7r^(w p ,<7 p ) * ^(r 9 , /i 9 ) £ D A \n q (X x G,n)o is a representative of the star 
product of the Green forms 7rj^ {uj p , g p ) and ^(r 9 , W). It is easy to see that 

ch p (T) * AiP ch 9 ^, ^W) = ch^, A (T ®y,TM <p*W). 

p+q=n 



0,9 



Let ZV x,G,v = Z x x Z G, V C Z^ xG , and we identify Z\ = Z%° Gjtp and Z 9 G(p = £ X ,G, V 
the same way as in §11.1. Let 

fxh„ ■ B *og(* x G - Z p x , n) © Df og (X xG - Z 9 . >ip , n) -> D^X xG-^U Z 9 ^, n) 



m 
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be the map given by (u, r) i— > —lo + r. Then the natural map 
is a quasi-isomorphism |BF} Lem.5.5]. Let 



be the composite of the restriction map to D* og (X x G — ,n) with (|11.15p . and 

take the truncated subcomplex of the simple complex of this map, which we denote by 
T<2ns{i P xG tp)*' Then in the same way as the definition of the map (111.3P we can define a 
map of complexes 



o : tV^(X, P ) x rVy (G,q) -»■ T< 2n s{i™ G ( 



which induces an exterior product of Green forms 

?1 I n\ {j2llfru* 



o : G^(X) x GEl % (G) -> F^(D*(X x G, n), 
Moreover, we have a commutative diagram 

fl* , (^xG,n) ) «H$y)f^- G£g„ (Xx GO ► GEl (X x G) 



„ /„-P,9 \2n-r 



< rD 2 ™ „ (X x G, n) > t2H™ (X x G, n) 

1 Xifi" 1 X tp* 

< Vf-l q (XxY,n) ► V 2 A n -; (XxY,n) , 



where the upper vertical maps are surjective, and Thm.5.12 in |Bu2] says that the up- 
per horizontal map sends the exterior product (uj p ,g p ) o (r q ,h q ) to the star product of 
ir* x (ujP,gP) with TT G (r q ,ti q )- Since 

(u;P,gP)o(ip*(T q ),ip*(h q )) = (1 x ^)*((u;f,/)o(A^)), 

the sequence of maps (I11.8P sends the element (I11.14p to 

yxv*{* q ) n* x {^,f)^* G {r\h q ) 
which means that 

Y, cho(^) u ch^ (^) = ch n Tlfi (T m r). 

p+q=n 

This completes the proof of (j!1.13|) . □ 
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